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Optimization based non-linear observers revisited

MAZEN ALAMIR t

Optimization based non-linear observers are those where the integrated output prediction error is used to define the
dynamic of the observer's state. Their main advantage is genericity and the natural assumptions that are needed for the
related convergence results to hold. Here, we present some new theoretical results concerning these observers. Despite the
title we use, our observer is not based on the search for a global minimum of a cost function. It is based on a descent-like
approach without the use of the Hessian matrix. A nice feature is that the resulting observer takes a classical form of in
the sense that it is defined by a set of ordinary differential equations. Besides the theoretical results, some implementation
issues are discussed. In particular, we propose to use the post stabilization approach, well known when dealing with
differential systems with invariant submanifolds. This enables to increase the sampling period while keeping very good
precision. Two illustrative examples are presented to show the efficiency of the proposed method.

of these observers, although theoretically robust w.r.t.
modelling errors, remains a quite tedious task.

Finally, optimization-based observers have been
proposed (Zimmer 1994, Michalska and Mayne 1995).
In these approaches, a cost function is defined as the L2-
norm of the difference between the measured output and
the output predicted based on the current estimated
state. In Michalska and Mayne (1995), a non-linear
optimization problem has to be solved at each sampling
time, this may present some serious drawbacks in the
sense that one may not be able to control the time
needed to achieve a step computation with a beforehand
given accuracy. In Zimmer (1994), the Hessian matrix of
the above-mentioned cost function has to be computed
in order to perform the Newton step, this also may be
difficult to do in a real time context or impossible if the
underlying functions are not twice differentiable.

In this paper, we are interested in optimization based
non-linear observers. These are observers whose
dynamic is defined in order to dynamically decrease
the L2-norm of the output prediction error (OPE). The
main attraction of such observers is that they are
generically independent of any particular structure.
Moreover, no coordinate transformations are needed
to design the observer nor a special system dependent
study.

A key feature in the optimization based approaches
is the use of the L2-norm of the OPE. Indeed, this
enables to avoid the study of the estimation error that
is generally done in order to prove the convergence of
the observer. The reason lies in the fact that under trivial
observability assumptions, the L2-norm of the OPE is a
measurable signature of the estimation error. This may
explain the genericity of the design of such observers
because it is precisely the need to prove the convergence
of the estimation error (that has ~enerally a very com-
plicated behaviour) that generates the highly structural
assumptions. Furthermore, the design of the observer in

I. Introduction
The design of state observers for general non-linear

systems remains a difficult task. A quite exhaustive state
of the art can be found in Besan9on (1996) and the
reference cited therein. Briefly speaking, several families
of such observers can be found in the literature on non-
linear observers: a first approach uses Lyapunov-like
arguments applied on the error's evolution equation
(Thau 1973, Kou et al. 1975) and more recently in
Tsinias (1989, 1990). Generally, special forms are sup-
posed to hold in order to build a suitable Lyapunov
function. Such formulations are rather technical and
quite difficult to handle in practice.

Luenberger-like observers have been proposed for
systems that can be linearized or put into canonical
form by means of input-output injection (Krener and
Isidori 1983, Keller 1987, Plestan 1995). The corre-
sponding structural conditions are quite restrictive for
general non-linear systems.

High gain observers have been designed for systems
that are affine in control and where the non-linear part
have some triangular structure (Gauthier et al. 1992,
Tornambe 1992). The main drawback of these observers
is their sensitivity to measurement noise and the diffi-
culty of obtaining the triangular structure even if such
structure is potentially possible to obtain by a coordi-
nate transformation.

Much more robust are the sliding observers based on
variable structure systems theory (Slotine et al. 1987,
Wang et al. 1997, Ahmed-Ali and Lamnabhi-
Lagarrigue 1999). The key idea is to steer the estimation
error on the sliding surface where it vanishes. The design
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differentiable. Note that we consider an autonomous
system (I) in order to simplify the presentation. The
case of controlled systems can be handled in exactly
the same manner with some heavier notations. This
may become clear at the end of this paper.

The following notations are used throughout the
paper:

.X(t; 0; Xo): the solution at t of (I) with the initial
condition x(o) = Xo.

.Y(t;O;xo) =h(X(t;O;xo)).

.For <p: ~+ -+ ~+ we shall write <p E 1\:: to desig-
nate the following properties:
-<p( .) is continuous and strictly increasing,
-<p(0) = 0.

.For ,8: ~+ x ~+ -+ ~+ we shall write ,8 E 1\::£ if
,8 E 1\:: on the first argument and decreasing to 0
on the second argument.

.For all piece-wise continuous function g( .) defined
over the time interval I, we shall use the notations:

(2)

(3)

.For all matrix A, .Q:(A) stands for the smallest
singular value of A.

the other approaches is often dependent on the particu-
lar structure in the sense that the functions used in the
expression of the sufficient conditions are explicitly used
in the observer equation.

This last feature is of great interest. Indeed, regard-
less of whether or not the class of systems that meet the
requirements of the optimization-based approaches is
larger than that of other approaches, the fact is that
the design procedure is rather straightforward and can
be easily tested without technical studies on the system's
structure.

Another consequence that follows from the use of
the L2-norm of the OPE is the possibility to relate the
observation problem to that of stabilizing invariant sub-
manifolds when integrating differential systems. This is
because the o-L2 norm of the OPE can clearly define
an invariant submanifold w.r.t the joint system/observer
set of differential equations. This makes possible the
use of existing techniques to the non-linear observer
problem.

This paper is organized as follows: first, some defini-
tions and notations are introduced. These definitions
concern the class of systems under consideration, the
notion of observability and detectability and some tech-
nical notations used throughout the paper .

The main theoretical results are presented in § 3,
namely the design of an observer based on the L2
norm of the OPE without the use of the Hessian matrix
(Theorem I ). An interesting point in the expression of
this observer is the use of state dependent gain that may
overcome the drawback of high gain observers when
some bounding behaviour are known. It is then shown
that the above formulation contains the high gain obser-
ver as a particular case (Corollary I).

The observer so obtained may present some numer-
ical drawbacks in practice. A regularized version is
therefore proposed that leads to an approximate obser-
ver (Theorem 2).

The proposed observer, while simple to implement,
may correspond to a relatively high on-line computa-
tional cost. Some implementation issues are discussed
in §4. Namely, the post stabilization technique is applied
to the observation problem in order to derive a good
precision/(computation cost) ratio. This is the aim of
Theorem 3. Finally, two illustrative examples are pro-
posed in § 5.

2. Definitions and notations
2.1. System related definitions

We consider non-linear systems given by

x=f(x); y=h(x) (I)
where x E ~n is the state, y E ~p is the measured output.
The functions f and h are supposed to be continuously

2.2. Observability related definitions
Several definitions of observability for non-linear

systems have been considered (Hermann and Krener
1977, Isidori 1989). The most commonly used is based
on the notion of indistinguishable pair of states to derive
a sufficient rank condition for local weak observability.

Such definitions, when expressing the observability
rank constraint may introduce some restrictive regular-
ity conditions that are far from being necessary. In many
cases the higher derivatives involved in the expression of
such structural observability conditions are used either
in the design of the observer dynamic or in the design of
the coordinate transformation that brings the system to
some observable canonical form.

In this work, we try to avoid as far as possible the
use of such higher derivation based expressions.

For linear systems, the possibility of designing an
observer depends on the detectability of the pair
(A, C)such that the complete observabilityis not necess-
ary. For non-linear systems, we can do the same.
Indeed, we can use the following definition.,
Definition 1 [Definition of detectable systems]: The
system (1) is said to be detectable if there is a partition
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x=
state space decomposition is a direct generalization of
the case of linear detectable systems.

In the context of high gain observers (Gauthier et at.
1992, Tornambe 1992,), the coordinate transformation
defined by (9) clearly implies that xI = x and the system
is completely observable. Indeed (4) readily holds
because if

of the state space such that for all T > 0, the following
conditions hold:

(I) The L2-norm of the output prediction error gives
a good indication on the estimation error of sub-
state xI in the following sense O;X(I}) -Y(.;O;x(2)llt71 = 0y

3<pl E K; S.t 'v'X(l),X(2) E ~n ~

Ilx}l) -x}2)11 $<Pl(1IY(.;O;X(l)) -y(.;o;x(2))llfTJ) (4)

(2) The substate xII has no effect on the output,
namely

then the n derivatives in (9) coincide at x(l) and x(2) and
hence <p(x(I») = <p(x(2») and finally X(I) = x(2) since <p is a
coordinate transformation.

In Sontag and Wang (1997), the notion of incremen-
tal output to state stability (iOSS) has been introduced.
Namely, a system is said to be (iOSS) iff there is /3 El;::£
and "YE I;:: such that for all two initial states 1:.(1) , 1:.(2) , one
has

IX(t; 0; l;(l)} -/:.(2)11, t)X(t;O;t;,(2))11 ~ max(!3(Ilt;,(

UX}l) (I) -X}2) (1)11 -t O

we have

"Y(IIY(.;O;f.(I)) -Y(.;O;f.(2)H~tJ) (7)

with this definition, a system for which an asymptotic
observer exists is necessarily iOSS (Sontag and Wang
1997).

It is clear that the key feature that is shared by the
above definition of an iOSS system and a detectable
system in the sense of Definition 1 is the following
implication

IIXII(t;O;X(I)) XII(t; 0; x(2»)11 -+ 0 (6)

{II Y{t;0; 1:.(1) -Y{t;0;1:.(2)II- 0}
=} {IIX{t; 0; 1:.(1)) -X{t; 0; 1:.(2))11- 0} {8)

Indeed, for iOSS systems, this immediately results from
(7) applied on moving semi-infinite horizons. As for a
system that is detectable in the sense of Definition I, (8)
is a direct consequence of points (I) and (3) of that
definition.

It is worth noting that the use of the norm 11.1100 in (7)
is crucial for the implication (8) to hold. If instead, the
L2-norm is used, additional assumptions are needed in
order for (8) to hold (such assumptions are needed to
insure a sufficiently high convergence rate for the L2-
norm to be defined over semi-infinite intervals).

Despite the fact that formulations derived from (7)
with some additional assumptions may seem simpler in
the sense that they avoid to explicitly mention a state
space partition, they may technically complicate the
proof of our result precisely because of the absence of
such partition. (This is a recurrent fact in system theory
where a convenient choice of state space representation
makes the argumentation easier to handle. )

Let us recall that the design of the observer we pro-
pose do not use a partition of the state space, only the
existence of such partition is used in the corresponding
proof.

Let us anticipate by emphasizing the fact that only
the existence of the partition mentioned in Definition 1
is needed. The observer design does not use such parti-
tion in its formulation.

Condition (4) means that two states are always dis-
tinguishable with respect to their first part XI, and this
by comparing their corresponding output over a time
interval of length T, while condition (6) ensures that
the second part xII can be asymptotically approached
whenever a good estimation of the first part is per-
formed.

The main advantage in the state partition is to legit-
imize condition (4) that may become unrealistic in cases
where XI participates in the output evolution while xII
does not. Indeed, in such case, there is no finite observa-
tion time T such that a zero integrated OPE implies a
zero estimation error on the whole state as it would be
suggested by (4) if x I is replaced by the whole state x as
it is done in Zimmer (1994).

As for observability, we shall use the following
definition.

Definition 2 [Definition of a completely observable
system]: The system (I) is said to be completely ob-
servable if it is detectable in the sense of Definition 1
with XI = x.

Remark 1 [Links with existing definitions]: Note that
the above definition of detectability and the related
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If these conditions hold then the detectability property
guarantees the convergence of the estimation error. The
current estimation of x(t) is naturally given by

x(t) = X(T; 0; z(t)) (11)

The condition (4) may seem to be restrictive in the
sense that no lower bound is imposed on the length of
the observation horizon T > 0 in the expression of the
detectability definition. To answer this, we have to dis-
tinguish two points of view (the following argumenta-
tion is applied to smooth functions but the conclusion
remains valid otherwise):

.From a theoretical point of view, the knowledge of
a function evolution over a time interval [0, T]
short though it is contains enough information
to determine all its derivatives at t = 0. Therefore,
if we consider assumptions that are commonly
used in the context of high gain observers with
single output (see for example Gauthier et al.
1992)

which is therefore a continuous function.
In what follows, the state x(t- T) is frequently

omitted as an argument of J and Go More precisely,
we shall sometimes write J(z(t)) and G(z(t)) instead of
J(z(t),x(t- T)) and G(z(t),x(t -T))respectively when
no confusion is possible.

h(x)

Lfh(x)

~(x) =

LJ-l h(x)
3. The main theoretical results

In this section, the main theoretical results of this
paper are presented. First, we give the assumptions
under which these results can be obtained.

(9)is a" coordinate transformation
then it is clear that when

3.1. Assumptions
First, recall that throughout the paper, the system (1)

is supposed to be detectable in the sense of Definition I.
Beside this, we need some regularity condition on the
Jacobian matrix G(z(t), x(t -T)) defined by (12)

IIY(.;O;X(l)) -Y(.;O;x(2))I1~~TI = 0

Assumption 1 [Uniform regularity of G]:
function a E K such that

There is a

.Q:(G(z,x)) ?: a(llzI -XI II)

where ZI and XI are the substates defined by the
partition associated to the detectability assumption (see
Definition 1).

2.3. Observer related definitions
Condition (4) suggests that an observer has to deal

with the key quantity

o;z(t)) -Y(.;O;x(t- T))»~Tj

(10)

T» = IIYJ(z(t),x(t
In other words, the Jacobian matrix G(z, x(t -T))

is of rank I uniformly far from the diagonal
Zl(t) = XI(t -T). This is a high level assumption that
may be difficult to examine. It is worth noting that
Assumption I is the key feature that makes the whole
thing work. Roughly speaking, it states that when x(t)
moves, for all t ~ 0, the cost functions J( ., x(t) ) has one
global minimum. This is clearly a quite restrictive con-
dition. However, such restrictive condition does always
exist in all works that address the design of globally
convergent non-linear observe:s. (For instance, the
high gain observer need some diffeomorphism and

where z(t) is the current estimation of x(t -T). Indeed,
this quantity represents the output prediction error as-
sociated to the estimation z(t) of x(t -T). The observer
design paradigm is therefore the definition of adynamic
evolution i(t) that:

(I) decreases J(z(t),x(t -T)) when it is > 0,
(2) makes {(z(t),x(t- T)) I J(z(t),x(t -T)) = 0}

invariant with respect to the combined dynamics
of x(t -T) and z(t).

Since the functions f and h are supposed to be continu-
ously differentiable, it comes that X ( T; Oj z( t) ) and hence
J(z(t),x(t- T)) are continuously differentiable with
respect to z. We shall denote G(z(t),x(t- T)) the
gradient of J with respect to z(t)

we necessarily have c/>(x(I») = c/>(x(2») and hence
X(I) = x(2) and this for all T > 0. (Note that in
this case xI = x.)

.From a practical point of view and in a noise free
context, the bigger T > 0 is the better is the
yobustness of the observation based on the output
prediction error over [0, T]. This is however an
implementation issue and the Definition 1 can be
used without a strictly positive lower bound on T .
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this with (16) and (17) prove that & J / az~ is a Hi1bert
matrix and thus positive definite.

The choice

D

The second assumption is a technical requirement on
the existence of some bounding function. Namely,
consider the function

some triangular structure that must be globally
defined.)t

Fortunately, Assumption I, while quite restrictive in
the large can be locally related to some detectability
assumption on the linearized system as it is shown by
the following lemma.

Lemma 1 [Local significance of Assumption 1 in the
case of C2 systems]: Suppose that f and h of (I) are
twice continuously differentiable.

Suppose also that for all x E ~n, the linearized time-varying system .

.of oh
f,=ax(X(t;O;x))f,; v=ax(X(t;O;x))f, (14)

is detectable in the sense of Definition 1, then Assumption
1 is locally satisfied.

Proof: We shall first prove that under the assump-
tions of the lemma, the Hessian matrix

~J,

]T

&y-
{) 2 (r

ZI

+2 Y{T;O;Z) -Y(T;0; 1[)

(15)

therefore, when we take 17 = z, we get

IT,&J JT [ay ]~(z,z) = 2 o ~(T;O;Z)

Note that Assumption 2 generalizes the classical
Lipschitz assumption in the sense that, when one a-
priori knows that the states z(t) and x(t) remain in a
bounded set and when the functions f and h are twice
continuously differentiable, it is always possible to trans-
form (21) into the classical Lipschitz-Iike inequality

IltP(.,x) -tP(.,z)II~T] :::; Kllxl -zlll (22)

However, this a-priori limitation on the augmented state
excursion seems to us quite unsatisfactory because the
underlying iterative argumentation

supposed bound B on excursion

-+ Lypschitz constant K(B)

-+ associated bound B'(K(B))

does not necessarily converge to an admissible solution
such that

B'(K(B)) C Bt Optimization based approaches that seek for a global
minimum need not to explicitly assume such global regularity
condition. However, its global convergence lies on the global
convergence of some optimization algorithm, and there is no
algorithm that guarantees such global convergence without
global restrictive assumptions.

This convergence is a crucial problem when dealing with
observer based controller where the estimation error,

,

coupled with a priori designed state feedback, leads to
transient behaviour that is difficult to bound a priori.

Since f and h are supposed to be continuously differen-
tiable, we know that 'P( T, z) is continuous with respect
to z and differentiable with respect to T. The following
assumption concerns the existence of a bounding func-
tion for II 'P(T,X) -'P(T,z)ll. Note that according to (5),
we already know that

II 'P(T,X) -'P(T,z)11 = O whenever XI = ZI

So, let us consider the following assumption.

Assumption 2 [Bounding function for
II 'P(T,X) -'P(T,z)II]: There are two continuous func-
tions Ul, U2: ~+ -+ ~+ with U2 E K: such that

11'P(.,x) -'P(.,z)I~T] :::; U1Ulzll).U2(llzI-XIII) (21)
';Z)dT

Let us denote by tP( Tj 0; x) the fundamental matrix of
(14) and.1et (ek)k=l...dim(XI) denote the canonical basis of
the XI'S subspace, then the detectability assumption of
(14) implies that the functions
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~<dt - -2.jjbCllz(t)ll)r(J) Ul (1Iz(t)ll) U2(llzI(t)

-XI(t -T)ll)]

3.2. Main theoretical results

We have the following main result.

Theorem 1 [The observer design]: Suppose that:

(I) system (I) is detectable [resp. completely observ-
able] in the sense of Definition I,

(2) Assumptions 1-2 are satisfied.

Let a positive real a > O and two functions 1'( .) and
r(.) be such thatfor all r > 0

1'(r) ~ UI (r) + a; r(r) ~ U2 o 'PI (r) (23)

where 'PI, UI and U2 are those defined in Assumption 1
and Assumption 2 respectively.

Then the dynamic system defined by

i = f(z) -21'(llzii)GT[GGT]-1 r(J).Jj (24)

dJ
dl ~ -2JJb(Hz(t)ll)r(J) -Ut (1Iz(t)II).(U2 o CPl)(J)]

(32)

and using (23)

dl
'33)x = X(T;O;z: (25)

dl ~ -2aVJ.(U2 o <Pl)(J)

which proves that J tends to 0, so does Ilz(l)
according to (4) and (6).

T)II
,--,

x(twhere J(t) = J(z(t),x(t -T)) and G(t) = G(z(t),
x(t- T)), is an asymptotic observe: for (I).

Proof: Let us co.mpute the time derivative of

J(z(t),x(t- T)):

dJ fT"dt = 2Jo [Y(T;O;Z(t)) -Y(T;O;X(t -T))JT

[aY aYx &(T;O;Z(t))!(z(t)) -~(T;O;X(t- T))

xf(x(t- T)) ]dT -2-y(llz(t)ll)r(J)JJ (26)

~ 2J:
T)) ] T

Y(T;O;X(t

~ ['P(T,Z(t)) -'P(T,X(t -T))] dT

2'"Y(llz(t)11)r(J)JJ (27)

T)}.II !::;T$ 211 'P(.,z(t» 1JI(.,x(t

x I: IIY(T;O;Z(t)) -Y(T;O;X(t- T))lldT

-2'Y(lIz(t)l1)r(J)JJ (28)

Note that the observer dynamic has a quite classical
form being the summation of the system dynamic with
an innovation process. The difference is that this latter
process is not based on the instantaneous output predic-
tion error, but on the cost over a time interval in the past
of this output prediction error. Note also that the obser-
ver gain '"Y(llzii) is state dependent. This can be of a great
importance in the presence of noise. Indeed, we can
always transform the observer (24) into a high gain
observer (see Corollary I hereafter) if we define before-
hand a given bounded region on the excursions of z(t)
and x( t -T) .This gives theoretically the possibility of
finding sufficiently high fixed '"Y that makes the estima-
tion error asymptotically vanishing. In practice how-
ever, this renders the observer highly sensitive to
measurement noise.

Corollary 1 [A high gain observer as a particular
case]: Suppose that:

(I) System (I) is detectable in the sense of
Definition I,

(2) Assumption 1 is satisfied,
(3) there is a bounded domain V containing all pOSS-

ible evolutions of z and x.
Then there is sufficiently high gain '"Y such that the
dynamic system defined by

Using (21) and the fact that

I: II Y(T;O; z(t)) -Y(T; 0; x(t -T))II dT
z = j(z) -'YGT[GGT]-IJJ (34)

1/2

T))112 dT x=X(T;O;z(t)) (35)(29)Y(T;O;X(t
where J(t) = J(z(t),x(t -T)) and G(t) = G(z(t)

x(t- T)), is an asymptotic observer for (I).

$ [J:IIY(T;O;Z(t»

(28) becomes

but we know from the detectability assumption that

IlzI(t) -XI(t -T)II ::; <Pl(J)

This with the fact that U2 E K implies

U2(llzI(t) -XI(t -T)II) ::; U2 o <Pl(J) (

Using (31) in (30) yields
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z =flz} -2'Y(llzII}GT[GGT +f]-1 r(J}JJProof: Straightforward, because in this case, all the
functions Ut, U2 and <PI can be replaced by some suffi-
ciently high positive constants (JI, -v;-o-;;;-1. This can be
done by taking the maximum values of these functions
over the compact set closure (V). We then take

,-y := 2«(JI + 1.)~ (36)

D

x = X(t; 0; z) (39)

where J(t) = J(z(t), x(t -T)) and G(t) = G(z(t),

x(t- T)), is an approximate observer for (I) in the
sense that:

(I) It reaches the setand apply Theorem to conclude,
(40)E'1 := {(x,x) E ~2n 1llx-xll <'I]}

after a finite time.
(2) It makes (40) invariant with respect to the system/

observer dynamics.

Proof: It can be easily seen that when we rewrite the
equations (26)-(32) under the assumptions of the the-
orem, we obtain the same results provided that we
replace '1'(.) by IIGI12/(E + IIGI12)'1'(.). Therefore, (32)
becomes:

(41

::$: -2(1 + ,8)a~JJ(U2 o <p\)(J)
f+IIG1I

+2 [ I -(I + ,8) IIGII2 ut (1Izii)...fj( U2 o <Pt)(J)

f.+IIGII~

(43)
All we have to prove is that there exists f > O such that

{llz(t) -x(t -T)II > 7]/2}

Corollary 1 proposes a high gain observer without
the higher derivative based requirements (9). Note that
this later technical requirement has been replaced by the
combination of two conditions, namely:

.Assumption Ion the regularity of the gradient G
which enables the definition of the state dependent
observer gain; and

.the detectability assumption that enables to estab-
lish an equivalence between the convergence of the
estimation error and that of the output prediction
error .

The problem with the observer equations as pro-
posed by Theorem 1 is that they may lead to numerical
instability when approaching the solution J = 0. Indeed,
we know that at J = 0, G = 0 and therefore, the un-
avoidable truncation errors corresponding to computa-
tion sampling time may lead to situations where J ~ 0
(but J # 0) while G = 0.

The following theorem proposes a slight modifica-
tion of Theorem I that regularizes the observer equa-
tions around the solution at the expense of obtaining an
arbitrarily small guaranteed bound on the estimation
error instead of asymptotically zero estimation error
observer. This is sufficient in almost all practical appli-
cations. We shall give the results in the case of com-
pletely observable systems in the sense of Definition 2.
The case of detectable systems can be obtained similarly
with some obvious additional technical assumptions.

Theorem 2 [Approximate observer with regularized
dynamic]: Choose an admissible bound 1] > 0 on the
estimation error.

Suppose that;

(I) System (I) is completely observable in the sense of
Definition 2,

(2) Assumptions 1-2 are satisfied,
Let two positive reals a> 0, (3 > 0 and two functionsf(.)
and r(.) be such that for all r > 0,

f(r) ?: (I + (3) UI (r) + a; r(r) ?: U2 o <PI (r) (37)

where <PI, UI and U2 are those defined in Assumption I
and Assumption 2 respectively.

Then, there exists sufficiently small E > 0 such that the
dynamic system defined by and using (13)
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fJIIGI12 > f
-p -T --T -I -

Zn+1 = Zn+1 -G (tn+I)[G(tn+I)G (tn+I)] J(tn+l) (51)

where J(tn+l) = J(Z:+I'X(tn+1 -T)) and
--pG(tn+l) = G(Zn+I'X(tn+1 -T)).

Namely, the evolution of the observer state Zn
is obtained by:

-First, integrate (50) to obtain ~+I'
-Then, correct ~+I by the post stabilizing

term

(46)
which gives

JJ!!L1 - ( I + a ) < 0~ E +]GI12

after some direct manipulations. 0

-T --T 1 -
-G (tn+l)[G(tn+l)G (tn+l)]- J(tn+l)

This technique is used (see, for example,
Ascher 1997) when integrating differential
systems over some invariant submanifold
defined by algebraic equations. The post stabili-
zation enables then to control the distance
between the numerical solution and the invariant
submanifold despite the truncation error associ-
ated to the numerical integration scheme.

The reason why post stabilization strategies
are suitable for our problem yields in the fact
that the submanifold

4. Implementation issue: the post stabilization
approach

In this section, we shall argue on the high gain obser-
ver (34) in order to simplify the presentation. The same
ideas can be applied to the observer (24) of Theorem 1
with straightforward technical modifications.

The on-line integration of the observer equations

i = j(z)- ')'GT (Z)[GGT (z)]-l JJ(Z) (47)

{(z(t),x(t- T)) E ~2n J(z(t),x(t- T)) = 0}

is clearly an invariant submanifold for the differ-
ential system

x(t- T) = f(x(t -r))

x=X(T;O;z(t)) (48)
may be quite difficult because of the relative heavy cost
associated to the gradient computation. Here, we pro-
pose to use the post stabilization technique in order to
alleviate the computations while keeping a good final
precIsIon.

First, let us introduce some technical notations:

.k > O is a given sampling period.

.tl, t2, ..., tn, ...the sampling instants, namely
ti = jk.

.Zn is the state of the observer at instant tn = nk.
The estimated state is therefore given by z(t) = f(z(t))- "YGT (Z(t))[GGT (Z(t))]-

X VJ(z(t),x(i-T))
X(ln + I) = X(/;0; Zn) (49)

.z( In+ 1, In, Zn) : Exact solution at instant I = In+ 1 of
(47) with z(ln) = Zn as initial condition.

.Z(ln+l, In, Zn): solution at I = In+l of the differential

system

i(t} =f(z(t}} -'YGT(tn}[G(tn}GT(tn}}-Ip(iJ

This is a fundamental difference between an
innovation process that is based on the inte-
grated output prediction error J and those
based on the instantaneous output prediction
error h(x) -y.

Here, the post stabilization step is used to
compensate for two sources of error:

(I) The error introduced by using (50) instead
of (47).

(2) The truncation error associated with any
numerical scheme.

Let us first prove the following lemma (we shall
denote J(z(t),x(t -T)) simply by J(z(t)) in order to
simplify the expressions.

Lemma 2: Under the assumptions of Corollary I, for
all sampling period k > 0 and all {3 E ]0, I [, there is a
sufficiently high gain I' such tha~

tn ::; t < tn+1 (50)
with initial condition z(tn) = Zn. Note that in (50),
J(tn) stands for J(zn,X(tn- T)) and G(tn) for
G(zn,X(tn- T)). Note that (50) clearly represents
an alleviated version of (47) which is more suitable
for on-line computation. (The heavily computable
innovation term is constant during a sampling
period.)

.;+1: The numerical solution at t = tn+1 of (50)
using an integration scheme of order p,

.The post-stabilized alleviated version of (47) is
therefore given by the following equation in
which Zn+1 is the new state of the observer at
t = tn+1 (52)J(Z{tn+l; tn,Zn)) ~ {3J(Zn)
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Example I, without post stabilization, k = 0.005, T = 0.02Figure

and Corollary the post stabilization-based observer defined by (51)
namely

Proof: From the proof of Theorem
1, we know that when we take

'Y > 2(01 + a)~ Zn+l = ~+l -{;T(tn+l)[{;(tn+l){;T(tn+l)]-l J(tn+l)

X(tn) = X(T; 0; zn)

is such that

(56)

(57)then the cost function J decreases according to the
inequality (33), namely

dJ
dt ~ -2MaJJ (53)

where M > O is a constant depending on the bounded
region v. From (53), it is easy to prove that

Jl/2(z(tn+l; tn,Zn)) -Jl/2(zn) ~ -(Ma)k (54)

Now suppose that a (and hence '1) is sufficiently high to
meet the condition

tim J(zn) = O(k4)
n-o0 (58)

V(Zn,X(tn- T)) Eda>-
1-Mk

This with (54) gives

Jl/2 (Z (t .t Z )) < {31/2 Jl/2 (Z )n+l, n, n -n

which is equivalent to (52).

(55)

D

and this for all integration scheme order p ~ 1.

Proof: In what follows, all Mi's used in the proof are
positive constants depending on the bounded set 1) of
corollary I's assumptions. From (56), it comes that

J(Zn+l) = J(;+1 + (Zn+l -;+1))

--T --T 1
~ J(;+I) -G(tn+l)G (tn+l)[G(tn+l)G (tn+l)]-

X J(;+I) + M2J2(;+I)

~ M2J2(;+I) (59)

We also have by definition of z::+ 1 and z( tn+ 1; tn; Zn)

J(Z::+I) ~ J(Z(tn+l; tn;Zn)) + M3kP+l
This lemma enables to prove the main result of this

section. This last theorem underlines the advantage of
the post stabilization step in the definition of the
observer.

Theorem 3 [The advantage of post stabilization]: Sup-
pose that the assumptions of Corollary 1 hold. Suppose
further that f and h are twice continuously differenti-
able, then there is a sufficiently high gain, such that

~ J(Z(tn+l; tn;Zn)) + M4~ + M3kP+l

for k sufficiently small

~J(z(tn+l;tn;zn))+M5~ "rip;?: 1

~ {3J(zn) + M5~

for sufficiently high 'Y (Lemma 2)
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Figure 3, Example I, without post stabilization, k = 0..1, T = Q.l

ThereforeThis with (59) yields

J(Zn+l) :::; M2[{3J(Zn) + M5~r J(Zn+l) ~ IlJ(Zn) + O(k4);

This clearly ends the proof.

(62)

O

Jl<

5. Examples ,
In this section, two simple examples are proposed to

show the performance of the proposed observer. In

s: M2[f J(Zn) + 2/3Ms~]J(zJ + O(k4) (60)

but according to Lemma 2, for 'Y sufficiently high, we
can write (60) with /3 sufficiently small to satisfy

M2[/32 J(zJ + 2/3Msk2] s: JL < 1 VZn E V (61)
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Figure 4. Example I, with post stabilization on, k 0.1, T = 0
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Example without post stabilization, k 0.25,1 0.251igure 5

particular, the advantage of the post stabilizing step is
emphasized. We believe that the genericity of the pro-
posed observer is an evident fact in the sense that no
particular structure is supposed to be satisfied by the
plant, and no coordinate transformation is to be per-
formed. This is the reason why we decided to use very
simple systems in order to underline the role of the post
stabilizing step in the estimation success.

5.1. Example 1
We consider the well known Van der Pol system

given by

XI =X2

X2 = -9XI + /L(l -'XI)X2

y = ;XI
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Example 2: k = 0.05, T = 0.1 without post stabilization.

0.500 300 5 10
tirn.e

Figure 7.

5.2. Example 2
Consider the very simple system

j;1=X2; j;2=-sin(xl); Y=Xl+X2

Figures 7-10 show the behaviour of the observer for
different parameter choice. Figures 7 and 8 correspond
to a sufficiently small sampling time (k = 0.05) for the
observer to converge with (figure 8) or without (figure
7) post stabilization. When sampling time increases
(k = 0.25), the post stabilization enables to
stabilize the observers (figure 10) that, otherwise,
diverges (figure 9).

where we take f1, = 2.
Figure 1 presents the behaviour of the observer when

no post stabilization is perfonned while figure 2 shows
the result under the same condition with post stabiliza-
tion. In these two figures, the sampling period k = 0.005
was taken. This seems too small to underline the effect
of the post stabilization. Indeed, the observer works well
even without the stabilization step.

In figures 3 and 4, however, a sampling period
of k = 0.1 is adopted. Figure 3 then shows that
without post stabilization step, the observer does not
converge. The advantage of post stabilization can
therefore be noticed on the observer behaviour shown
on figure 4.

Finally, figures 5 and 6 show the same comparison
with k = 0.25.

6. Conclusion
In this paper, some new results about optimization

based non-linear observers have been presented. The key
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Example 2: k = 0.05, T = 0.1 with post stabilization.
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Figure 9. Example 2: k = 0.25, T = 0.25 without post stabilization.

30

Example 2: k = 0.25, T = 0.25 with post stabilization.Figure 10.

feature is the use of an (integrated prediction error)
based innovation process. This coupled with a suitable
definition of detectability enables the convergence of
the estimation error to be replaced by that of the inte-
grated prediction error cost function. Several results
have been proposed in order to obtain exact observer
or approximated observers with a prescribed degree of
precision.

The computation of the innovation term may some-
times be impossible in a real time implementation
depending on the system dynamic. An alleviated version
of the observer is then proposed in order to make it
more suitable for a real time implementation. This is
done by the use of the post st!\bilization approach.
The reasons why this approach is suitable for the
observer problem is clearly explained and the advan-
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tages of using such as approach is shown through two
simple examples.
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