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The increasing amount of PV (photo-voltaic) power plants comes along with an increased instability in
the power grid due to the high uncertainty of the PV power production. As a stabilizing measure, grid
operators introduce regulations on the injected power proﬁles comprising the obligation to declare in
advance the predicted power production as well as penalties which apply in case these previously
declared production proﬁles were not respected. In order to meet these regulations power plant owners
are forced to invest into expensive storage capacities. In this work an algorithm is proposed which allows
to determine the optimal battery size that maximizes the to-be-expected revenue of such an installation
for a given regulative framework. Moreover the scheme explicitly takes into account the uncertainty in
the PV power production and it provides guaranteed lower bounds on the to-be-expected revenue at a
conﬁgurable probability. The underlying method allowing to achieve these objectives is a randomized
algorithm. The principle of this method is to compute probabilistic guarantees for respecting a binary
constraint, considering only a limited number of uncertainty scenarios.
© 2017 Elsevier Ltd. All rights reserved.
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1. Introduction
Photo-voltaic (PV) power plants are considered to become one
of the main components in the energy mix of tomorrow. However,
already today where the percentage of PVs is still relatively low (e.g.
6.9% in Germany, 1.1% in France according to [1] [2]), instabilities in
the power grid resulting from the intermittent nature of PV energy
have become a serious challenge. In order to counteract these instabilities the Energy Regulatory Boards of different countries
impose regulations on the operation of PV power plants. More
precisely, day-ahead predictions of the injected power are
requested and penalties are introduced in case the previously
declared power cannot be delivered. In Ref. [3] an example of such
regulations which were announced by the French Energy Regulatory Board is depicted. In this framework the to-be-declared dayahead power injection proﬁle may not exceed certain bounds on its
derivative. Furthermore the plant operator has the possibility to readjust the declared proﬁle three times during the day itself,
allowing him to take into account updated weather forecasts.
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In order to respond to these regulations the plant operators are
obliged to invest into expensive storage equipment and to deploy
advanced energy management systems (EMS) to avoid high penalties which would reduce the to-be-expected revenue otherwise.
The major challenge in this context lies in dealing with the uncertainty of the PV power production in the operational control
method as well as in the system design phase where the optimal
battery size needs to be chosen. This has been highlighted explicitly
in Ref. [4] where a comparison of a stochastic and a purely deterministic sizing approach has been conducted.
In the literature several studies can be found which discuss the
impact of regulatory rules on PV power plants from an economic
and technical point of view. For instance in Ref. [5], costs of penalty
and value of energy are compared to evaluate the economic efﬁciency of such a plant. Additionally it investigates on the installation of auxiliary storage devices. [6] discusses the economic
viability of battery storage for residential solar photovoltaic systems without any policy support. Moreover it provides a technoeconomic simulation model allowing to evaluate the proﬁtability
of battery storage for different future market scenarios. [7] provides
an overview of European energy market rules and investigates how
these rules inﬂuence the participation of average-size PV power
plants with storage in these markets.
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Nomenclature
conﬁdence (randomized algorithm parameter)
accuracy (randomized algorithm parameter)
energy tariff
DnS ðXÞ mean derivative proﬁle over nS consecutive samples of
X
w
one realization of the uncertainty
X
bold-faced variables represent proﬁles of X
XðiÞ
i-th element of proﬁle X
Xðt¼hh:mmÞ element of proﬁle X at time hh : mm
X+
optimal solution of an optimization problem
Xhist
proﬁle of historic measured data
Xt0 /t1
proﬁles of X over speciﬁed interval ½t0 ; t1 &
W
uncertainty set.
E
battery efﬁciency
q
design parameter vector
X; X
lower- and upper bound on X
b
X
forecasted proﬁle of X

d
h
G

B
dPG

bound on the forecasted PV power proﬁle.
variation in the power-to-grid proﬁle PG

The high costs of battery storage systems motivated a considerable number of contributions to address the battery sizing
problem for PV power plants and the development of advanced
energy management strategies. [8], [9], [4], [10] propose answers to
these questions in the context of isolated microgrids. In the context
of grid-connected systems, regulatory constraints have to be
considered additionally. [11] for instance proposes a Markov chain
approach to optimize the battery size under regulatory rules. In
Ref. [12] a general model framework for an optimal offering strategy for a solar power plant with thermal energy storage is developed. The strategy is robust with respect to solar power
uncertainties and also considers the market price uncertainty. The
method is validated through simulations in the energy market
context of Texas. [13] introduces a probabilistic optimization model
for day-ahead resource scheduling of a virtual power plant (VPP). In
this work, energy and power reserves are both scheduled considering the uncertainties of market prices, electrical demand and
intermittent renewable energy resources. The approach is based on
a Point Estimate Method. The study provided by Ref. [14] investigates how a given investment capital should be split between
solar panels and an associated storage system in a day-ahead unit
commitment context, concluding that 90e95% should be spent on
solar panels. Further related works proposing stochastic and robust
energy management methods for grid-connected VPPs with storage can be found in Refs. [15], [16], [17], [18] [19].
The existing literature for PV plant sizing with storage and can
be summarized as follows: A relatively large number of works
propose energy management strategies for VPPs and in particular
for solar power plants with storage, taking explicitly uncertainties
into account. At the same time quite a lot of works address the
battery sizing problem for islanded and grid-connected systems
without considering uncertainties. And ﬁnally, relatively few contributions combine both, the consideration of uncertainties in the
energy management and in the sizing.
Our contribution is part of the latter. It stands out by providing
probabilistic guarantees on the to-be-expected revenue in a complex regulatory context. To the best of our knowledge this distinguishes our work from the existing literature where in general the
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objective function of the design problem
realized revenue for one realization of the uncertainty
w
P
power produced by the PV panels
PG
declared power injection into the grid
PBat
battery power (positive values ¼ charging)
PG;r
realized power injection into the grid
Pnom
nominal (maximal) power of the PV panels
PCk
predictive controller for control period k
PrW ðPhist Þ Probability measure allowing to generate
uncertainty realizations
b
b
b
b
w :¼ f P
0/24 ; P 6/24 ; P 12/24 ; P 16/24 ; Pg based on
historic measured PV power proﬁles
RTC
real-time controller
SOC
state-of-charge of the battery
SOCd
desired state-of-charge
TS;p
sampling period of the predictive controller
TS;r
sampling period of the real-time controller and of
measured data
Xþ
variable X at the next sampling instant
Xi
i-th realization of X
JðqÞ
Jr ðq; wÞ

mean revenue which can be expected with respect to the uncertain
PV power predictions is used as the economic performance indicator. More precisely the contributions of this paper include the
following:
! A randomized algorithm formulation (see Refs. [20], [21] for
details on the theory of randomized algorithms) allowing to
maximize the guaranteed lower bound on the to-be-expected
revenue for different battery sizes and at conﬁgurable probabilities, taking the uncertain PV power production explicitly into
account. Moreover the formulation achieves an optimal tuning
of the underlying control strategy.
! An advanced control strategy composed of a high-level predictive controller and a low-level real-time controller which are
working at different time scales.
! An uncertainty model allowing to generate i.i.d. (independent
and identically distributed) realizations of the uncertain PV
power production.
The provided framework directly addresses the regulations
stated in Ref. [3]. However, due to the similarity of different regulatory frameworks for PV plants, it can easily be adaptable to meet
other regulations. Finally, we would like to emphasize that it is not
in the scope of this work to discuss the impact of different hardware
technologies for the battery storage system, the PV power system
and the inverter infrastructure on the performance of the proposed
approach. We are aware that these parameters may have an impact
on the system operation and especially on the system sizing (battery and PV system life-time). However, we believe that these assumptions do not question the core of this contribution which are
the proposed stochastic control and battery sizing methods.
The paper is organized as follows: Section 2 describes the regulatory policy addressed in this work. In section 3 the proposed
method consisting of a randomized algorithm formulation, an
advanced PV plant control scheme and a PV power prediction
generator is described. Finally section 4 provides a case study based
on historic data of an existing PV power plant before concluding the
paper in section 5.
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2. Regulatory framework
The regulatory framework being addressed in this work is
imposed by the Energy Regulatory Board of France for PV installations with a nominal power Pnom greater than 100kW. The
principle of the regulatory framework is that PV plant operators
have to declare their day-ahead predicted power injection proﬁle
PG (sampled at TS;r ¼ 1min) to the grid operator. The declared
proﬁle additionally has to respect the following ramping
constraints:
ðiþ1Þ

dPG < PG

ðiÞ

( PG < dPG

(1)

Throughout this paper under- and overlined symbols represent
respectively lower- and upper bounds on the corresponding variable. Consequently, dPG is the lower bound on the variation dPG in
the power-to-grid proﬁle PG . If the actually realized power injection into the grid does not follow the previously declared one
within some tolerance margin, ﬁnancial penalties do apply. During
the day J itself the PV plant operator may re-declare the predicted
proﬁle three times which allows him to react to changes in the
weather forecast as described in the following.
Steps to (re-)declare the predicted power injection PG :
!
!
!
!

J-1, before 16:00: Declare proﬁle PG;0/24 .
J, before 04:00: Declare proﬁle PG;6/24 .
J, before 10:00: Declare proﬁle PG;12/24 .
J, before 14:00: Declare proﬁle PG;16/24 .

An additional requirement on the re-declared proﬁles is that the
ﬁrst point in the re-declared proﬁles has to be the same value as the
one in the previously declared one as illustrated by the following
equations:
ðt¼06:00Þ

ðt¼06:00Þ

(2a)

ðt¼12:00Þ

ðt¼12:00Þ

(2b)

ðt¼16:00Þ

ðt¼16:00Þ

(2c)

PG;6/24 :¼ PG;0/24
PG;12/24 :¼ PG;6/24

PG;16/24 :¼ PG;12/24

Remuneration scheme:
The plant operator is paid according to the formulas provided in
Table 1 which incorporate the penalties for not respecting the
previously declared power proﬁle. In Fig. 1 this remuneration
scheme is visualized.
Remark: In most PV plant installation Maximum Power Point
Tracker (MPPT) converters are used to convert the direct current
(DC) delivered by the PV panels into alternating current (AC). These
converters have the possibility to arbitrarily limit the amount of
power converted to AC. For this reason it is assumed that the case
where a higher power than previously declared is injected into the
grid, can always be avoided. For further information on MPPTs the
interested reader is referred to [22] where a comparative study of
MPPT algorithms is conducted.
Peak power option: In the sequel, the regulations described so
far will be called the ”basic option”. Additionally the regulatory
Table 1
Calculation of the remuneration.
!
!
!PG;r ( PG ! * 5%,Pnom
PG;r ( PG > 5%,Pnom
PG;r ( PG < ( 5%,Pnom

Fig. 1. Visualization of the remuneration which is a function of the in-advance
declared power injection into the grid PG and the actually realized power injection
PG;r . This remuneration scheme is imposed by the regulations [3] and the underlying
equations are provided in Table 1.

framework provides the possibility to choose an option called
”peak power option”. The peak power option aims at encouraging
PV plant operators to invest into larger battery capacities in order to
be able to store energy during the day and to deliver it to the grid
during the evening peak between 19:00e21:00. When choosing
this option, the PV plant operator is obliged to declare a power
PG;19/21 ) 20%,Pnom between 19:00e21:00. In return the tariff G
during this peak period is signiﬁcantly higher than during the rest
of the day.
Note that in all explanations and formulations provided
throughout this paper the basic option is addressed. Only in section
4.3 where a comparison of the optimal battery size for both, the
”basic option” and the ”peak power option”, is conducted, the ”peak
power option” will be re-considered. To do so, the only modiﬁcation which is required lies in the predictive controller described in
section 3.2.
3. Proposed framework
In this section our proposed framework is described. Before
providing the technical details in the following three sub-sections,
the problem is introduced from a high-level point of view.
The objective of the proposed framework is to provide guaranteed lower bounds on the to-be-expected annual revenue of a PV
plant under the regulations described in section 2 and for different
capacities of the associated battery. The reason why this is a challenging problem stems from the fact that the PV power forecasts
are highly uncertain. The problem can be expressed by the
following deterministic robust design problem:

max JðqÞ
q2Q

subject to gðq; wÞ ¼ 0;

c w 2W

(3)

where the objective JðqÞ is the lower bound on the to-be-expected

G
J ¼ PG;r 60
J¼0
G (
J ¼ PG;r 60

"

2
PG;r
Pnom

"
"
#
##
G
G
G
( 0:1 þ 2 PPnom
,PG;r þ ðPG ( 0:05,Pnom Þ, 0:15 þ PPnom
,60
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revenue, q ¼ ðq1 ; q2 ÞT is the design parameter vector, W is the
uncertainty set, i.e. the set of unknown proﬁles (forecasted and
realized PV power production during the life-time of the process),
and gðq; wÞ is the binary constraint satisfaction function deﬁned as

gðq; wÞ :¼

$

0
1

if Jr ðq; wÞ ) JðqÞ for w
otherwise

3.1. Randomized algorithm formulation

(4)

with Jr ðq; wÞ being the realized revenue. In other words, gðq; wÞ is a
measure whether for a given q and w, the realized revenue is
greater than the lower bound JðqÞ which we intend to maximize.
The design parameter vector q ¼ ðq1 ; q2 ÞT contains the following
elements:
! q1 : the lower bound on the to-be-expected revenue. Note that a
speciﬁcity of this problem is that JðqÞ ¼ q1 .
! q2 : a scaling factor allowing to vary the amplitude of the foreb in the control scheme
casted PV power production proﬁle P
described in section 3.2.
Note that the considered uncertainty w represents the fact that
the actually realized PV power production differs from the one that
was previously forecasted and used to compute the declared
power-to-grid proﬁle PG . For generating one realization of the
uncertainty w the following two principle steps are performed:
! Generate
(sampled
! Generate
(sampled

! A PV power uncertainty generator allowing to create i.i.d. uncertainty realizations w of the PV power production uncertainty
based on a measured historic PV power proﬁle.

b
a realization of the forecast of the PV power P
at TS;p ) based on historic measured data.
N realizations P of the actually produced PV power
b
at TS;r ) based on the previously generated P.

The way one uncertainty realization w is generated in detail is
described in section 3.3.
Remark 1: The deterministic robust problem (3) is NP-hard and
thus difﬁcult to be solved efﬁciently. In order to deal with this issue
the problem will be recast as a probabilistic problem which can
ﬁnally be solved by randomized algorithms in reasonable time as
described in section 3.1.
Remark 2: The choice of the randomized algorithm to solve
problem 3 has been made, because it does not impose any restrictions on the nature of the uncertainty. Indeed, a popular
alternative approach is to use Dynamic Programming as for
instance applied by Ref. [23]. The drawback of Dynamic Programming (DP) however is that it requires the uncertainty to be
temporally uncorrelated which is not the case for PV power in
general. While there exist ways to overcome this issue in DP by
introducing an information state in the uncertainty model, the
chosen randomized algorithm has the advantage to be completely
independent of the underlying uncertainty model structure.
Our proposed framework can be divided into the following three
main components which will be detailed in the following subsections:
! A randomized algorithm formulation of problem (3) allowing to
determine guaranteed lower bounds on the to-be-expected
revenue for different battery sizes and at a conﬁgurable
probability.
! A control scheme consisting of a high-level predictive controller
and a low-level real-time controller. Applying the control
scheme in closed-loop, the realized revenue Jr ðq; wÞ can be
computed for any candidate realization w of the uncertain PV
power production. Moreover the scheme fulﬁlls the requirements imposed by the regulatory framework (constraints
on the declared power injection proﬁle).

In this section the key contribution of the paper is stated. It is a
randomized algorithm formulation which is able to determine
lower bounds on the to-be-expected revenue for different battery
sizes, taking the uncertain PV power production explicitly into
account. The formulation is based on two main ingredients which
are the control strategy and the PV power prediction generator
described in sections 3.2 and 3.3 respectively. Before stating the
actual approach a brief recall of the principle of the underlying
randomized algorithms for ﬁnite sets of the design vector q is
provided. For more details concerning randomized algorithms the
interested reader is referred to [20] and [21].
3.1.1. Randomized algorithm principle for ﬁnite sets of the design
vector
Given the NP-hard deterministic robust design problem (3) and
a ﬁnite set of design vectors Q of cardinality nQ. Assume that a
probability measure PrW over the sample space W is given. Each
element of W is a possible realization of the uncertainty and i.i.d.
samples from W can be generated. The probability of violation
associated to q is deﬁned as:

EðqÞ :¼ PrW fw2W

: gðq; wÞ ¼ 1g

(5)

The idea underlying randomized algorithms is to compute the
design parameter q that leads to EðqÞ * h with a probability higher
than 1 ( d.
The key result making randomized algorithms interesting lies in
the relatively small required sample size in order to obtain the
desired robustness guarantees. More precisely, if one draws N i.i.d.
samples fw1 ; …; wN g from W according to probability PrW where
the sample size N obeys the inequality

N)

&
1 % e &% nQ
ln
þm
h e(1
d

(6)

and then solves the m-level randomized strategy given by

max JðqÞ
q2Q

subject to

N
&
%
X
g q; w i * m

(7)

i¼1

then the probability of violation EðqÞ is smaller than h with probability larger than 1 ( d. The probabilistic parameters h and d called
accuracy and conﬁdence should not be chosen unnecessarily small,
since otherwise the sample complexity N becomes very large. The
parameter m also needs to be chosen in advance and represents the
number of acceptable constraint violations in problem (7). A choice
in the range of 2 ( 10 is appropriate, however it does not have a
crucial inﬂuence on the algorithm apart from the fact that the
higher one chooses m, the higher becomes the required sample size
N.
3.1.2. Solving the m-level randomized strategy for the battery sizing
problem
Solving the m-level randomized strategy (7) for problem (3) for
a given battery size is done in the following way:
1. Fix the ﬁnite set Q of design parameter vectors of cardinality nQ
as well as the randomized algorithm parameters h, d and m.
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2. Generate N realizations of the uncertainty w1 ; …; wN with N
obeying inequality (6).
3. Compute the failure indicator
For each simulation corresponding to ðqk ; wi Þ, the resulting
failure indicator:

&
%
k
g ðk;iÞ :¼ g q ; wi

(8)

is computed where gð,; ,Þ is deﬁned by (4). Similarly for any
candidate parameter qk (revenue bound, forecast scaling factor),
the corresponding cost matrix J k can be computed.
4. Admissible set of design parameters
Having computed g ðk;iÞ , the constraints in (7) can be evaluated
k
for each candidate parameter q by summing the columns of the kðk;iÞ
th row of the matrix g
, namely:
N
X
i¼1

&

%

g q; w i ¼

N
X

g ðk;iÞ

(9)

i¼1

If the result is lower than m, then the candidate design parameter qk is considered to be admissible. Therefore the admissible set
of design parameters is deﬁned as:

A :¼

(

!
)
! P
! N ðk;iÞ
k2f1; …; nQ g !
g
*m
! i¼1

3.2.1. Predictive controller PC
The objective of the predictive controller is to compute the
optimal grid power injection proﬁles PG;,/24 to be declared to the
grid operator for day J. The objective of the predictive controller is
to maximize the revenue over the prediction horizon. Moreover, as
a consequence from the regulatory framework described in section
2, the predictive controller has 4 instances, namely PC1 ; …; PC4
which correspond to the time instants where the predicted proﬁles
PG;,/24 have to be declared (before the times { J-1 at 16:00, 04:00,
10:00, 14:00 }). The 4 instances of the predictive controller mainly
differ in the shrinking horizon due to the increasing start times
t0 ¼ f 00 : 00; 06 : 00; 12 : 00; 16 : 00 g. The sampling period of
the predictive controller is TS;p ¼ 15min.
24
X

PCk : Max

PBat ;PG

t¼t0

GT PG ( r,kSOC ( SOCd k2

b
Subj: to : PG * q2 , P
t0 /24 ( PBat

(12b)

0:05,Cbat * SOC * 0:95$Cbat

(12d)

PBat * PBat * PBat

(12e)

ðt¼t0 Þ

PG

ðt¼t0 Þ

¼ PG

ðPCk(1 Þ ; k ¼ 2; 3; 4

(10)

ðtþ1Þ

ðtÞ

(12f)

( PG * dPG

(12g)

The optimal lower limit on the to-be-expected revenue is
+
deﬁned by qk where k+ is the index of the admissible lower limit
that maximizes the cost function, namely:

SOCðt¼24Þ ¼ SOCd

k2A

(11)

Note that the computationally heavy part in the algorithm lies in
computing the failure indicator gðqk ; wi Þ, since it implies simulating
the control scheme in closed-loop over several days in order to
obtain representative annual ﬁgures. The way this is done in detail
is described by algorithm 2 in the following sub-section.
3.2. Control scheme
In the following the control scheme consisting of a high-level
predictive controller and a low-level real-time controller is introduced. The proposed control scheme implements the following
features:
! Compute the to-be-declared grid power injection proﬁles
PG;,/24 which have to be declared to the grid operator and
which additionally respect the constraints imposed by the regulatory framework (see eqs. (1) and (2)).
! Maximize the revenue by solving an open-loop optimization
problem taking into account the forecasted PV power producb
tion P.
! Counteract as far as possible potential penalties due to the uncertain PV power production by adjusting the battery's control
in closed-loop. This is the task of the real-time controller which
is working at a lower sampling period than the predictive
controller.

t¼t0

ðtÞ

dPG * PG

k+

t
X

(12c)

PBat

SOCðtÞ ¼ SOC0 þ E

5. Compute the optimal revenue limit

h i
¼ argmax J k

(12a)

(12h)

Constraint (12b) accounts for the fact that no more than a
possibly over-optimistic correction of the forecasted PV power
minus the power consumed by the battery can be supplied to the
grid. q2 is a scaling factor allowing to vary the amplitude of the
b
forecasted PV power proﬁle P
t0 /24 . It serves as a tuning parameter
for the predictive controller. Constraint (12c) implements equation
(2) which is imposed by the regulatory framework and constraint
(12d) being the lower- and upper bound on the state-of-charge of
the battery. The remaining constraints in problem (12) are straight
forward and are not described in further detail. In the sequel the
resulting optimal battery power- and state-of-charge proﬁles are
+
denoted P+
Bat and SOC and the optimal grid power injection proﬁle
P+
.
Note
that
the
grid
power injection proﬁle which is declared to
G
the grid operator is obtained by simply interpolating the P+
G at
sampling period TS;r .
Remark 1: The bound constraints on the state-of-charge (12d)
and on the battery power (12e) are implemented as soft constraints
in order to guarantee feasibility of the problem. This is required
because of the problems PCk2f2;3;4g where the constraint (12c)
being a hard constraint by speciﬁcation can - in some rare cases - be
in conﬂict with the battery's technical constraints.
Remark 2: The constraint (12h) on the ﬁnal state-of-charge is
realized as a soft constraint in exactly the same way as the penalization on the distance from the SOCd , but with a penalizing
parameter rðt¼24Þ which is much more important (several orders of
magnitude).
3.2.2. Real-time controller
The real-time controller operates in closed-loop and at a smaller
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sampling period of TS;r ¼ 1min. Its objective is to maintain the
realized injected power into the grid PG;r in the tolerance margin of
±5%,Pnom around the previously declared proﬁle P+
G in order to
avoid the penalties described in Table 1. Additionally the real-time
controller aims at driving the battery's state-of-charge SOC towards
the optimal proﬁle SOC+ which was previously computed by the
predictive controller. This is achieved by exploiting the fact that the
tolerance bound of ±5% of the nominal PV plant power Pnom is
pretty large, providing some ﬂexibility to the controller. The realtime controller is based on a few simple if=else-rules which are
applied at each sampling instant in order to determine the battery
power PBat . The precise controller logic is described by algorithm 1.

Fig. 2 shows the result obtained when applying the control
scheme consisting of the predictive controllers PC1 ; …; PC4 and the
real-time controller RTC for one realization of the uncertain PV
power production.
The ﬁrst plot shows the tolerance envelop P+
G ±5%,Pnom (red)

601

around the declared power injection proﬁle P+
G , the realized grid
injection power proﬁle PG;r (blue) and the previously declared grid
injection proﬁles PG;old (grey) before re-declaration through the
predictive controllers PC2 ; PC3 and PC4 . The second plot shows the
realized grid injection power PG;r (blue), the power produced by the
PV panels P (magenta) and the battery power PBat (black). Finally
the third plot shows the state-of-charge of the battery. One can see
that around 12:00 the real-time controller is not able to maintain
the injected power in the declared bounds, because the SOC of the
battery is already at its lower limit at this moment. Also it is
interesting to see how the originally declared proﬁles PG;old differ
from the ﬁnally declared P+
G due to the updated PV power forecasts.

As mentioned in the previous sub-section, the computationally
time-consuming part of the whole framework lies in simulating the
control scheme in closed-loop in order to compute the realized
revenue Jr ðq; wi Þ. In algorithm 2 the computation of Jr ðq; wi Þ is
illustrated in detail.
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Fig. 3. Shape of proﬁle Cenvelop which is used to compute the bounding envelop on the
b in equation (14). Both, the one used to create PðP
b hist Þ and
predicted power proﬁle P
b are plotted.
Pð PÞ

Fig. 2. Results obtained when applying the control strategy composed of the predictive controller and the real-time controller in closed-loop. One can see that around
12:00 the injected power into the grid (blue) cannot be maintained in the tolerance
bounds (red) around the previously declared power proﬁle, because the battery's stateof-charge is at its lower limit at this moment. (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)

3.3. PV power uncertainty generator
When applying the control strategy described in the previous
section in real-time, at every day J the 4 forecasted PV power
b
b
b
b
production proﬁles P
0/24 , P 6/24 , P 12/24 , P 16/24 are provided
based on a weather forecast service at the times
t0 ¼ fJ ( 1 at 16 : 00; 04 : 00; 10 : 00; 14 : 00g. Since our proposed framework serves as an a priori battery sizing tool these
information have to be created artiﬁcially. Moreover, since for each
day the control strategy is applied to many realizations of the uncertainty, a way to generate not only the four PV power forecasts
b
P
:/24 but also the N corresponding i.i.d. realizations of the actually
produced PV power P is required.
The probability measure which is implemented by the uncertainty generator is deﬁned as follows:

w ¼ PrW

%

Phist

&

(13)

with the resulting uncertainty realization w consisting of the
following elements

w :¼

n

o
b
b
b
b
P
0/24 ; P 6/24 ; P 12/24 ; P 16/24 ; P

b
where the four proﬁles P
:/24 are the forecasted PV power proﬁles
and P is the actually realized PV power production.
In order to be able to take into account realistic seasonal variations of the forecasted and produced PV power, proﬁles are
created based on historic measured data. The principle steps of the
method are as follows:
b
! Based on Phist the 4 forecasts P
:/24 are generated.
b
! Once the 4 forecasts P :/24 are created, N realizations of the
actually produced PV power P are generated based on these
forecasts.
The method used to create both, the forecasts and the realized

Fig. 4. Example of a bounding envelop on the predicted PV power proﬁle. The ﬁgure
additionally shows the underlying historical measured power Phist sampled at
TS;r ¼ 1min and its re-sampled version at sampling period TS;p ¼ 15min. Note that in
order to create the uncertainty bounds B; B, the proﬁle Phist is additionally ﬁltered in
order to eliminate the day-speciﬁc variations of the historic data proﬁle in the uncertainty bounds.

power proﬁles, is the same. It will be introduced in detail for the
b :/24 ðPhist Þ, but works similarly for the realcase of the forecasts P
b
b
ized PV power Pð P :/24 Þ. Note that for notational conciseness P
:/24
b if no ambiguity occurs. The PV power unwill be replaced by P
certainty generation method is based on the following
assumptions:
! The uncertainty in the forecasted PV power proﬁles increases
the further a predicted instant lies in the future. This is realized
through a bounding envelop of increasing width for instants
lying further in the future.
b ðtÞ on the previous samples
! The dependency of a sample P
ð1Þ
ðt(1Þ
b
b
P ; …; P
is taken into account through bounds on the
mean derivative over several sampling instants.
b :
Bounding envelop on the proﬁle P
As mentioned above a bounding envelop on the PV power
b of increasing width represents the fact that
prediction proﬁle P
predicted samples lying further in the future are more uncertain.
b are
The upper and lower bounds B, B on the predicted proﬁle P
deﬁned as follows:

B ¼ Phist þ Cenvelop 1Phist

(14a)
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B ¼ Phist ( Cenvelop 1Phist

(14b)

where the 1-operator is the element-wise product of two vectors
of same length and with Cenvelop being parameterizable through
a0 ; a1 ; a2 ; a3 as follows:

i
h
ðtÞ
Cenvelop ¼ min a3 ; a0 þ a1 ,ðt ( t0 Þ þ a2 ,ðt ( t0 Þ2

(15)

where t0 is the current time. Fig. 3 illustrates the resulting shape of
vector Cenvelop. Additionally also the envelop chosen for generating
b is plotted. Note that the latter has an uncertainty equal 0 at the
Pð PÞ
current time t0 which accounts for the fact that the forecasted value
for time t0 is the actually measured one.
In Fig. 4 the resulting envelop bounds B, B, as well as the proﬁle
Phist (sampled at TS;r ¼ 1min and re-sampled at TS;p ¼ 15min) are
illustrated exemplarily.
b
Bounded mean derivatives on the proﬁle P:
In order to implement the assumption that the predicted power
b ðtÞ at instant t is not independent of the previous samples
P
b ð1Þ ; …; P
b ðt(1Þ Þ, the mean derivatives over several sampling peðP
b are bounded.
riods of the proﬁle P

Deﬁnition 1. The mean derivative vector DnS ðXÞ2ℝN for vector
X2ℝN over nS consecutive time steps is deﬁned as follows:

ðtÞ

DnS ðXÞ ¼

t
%
&
1 X
XðiÞ ( Xði(1Þ for t ¼ f1; …; Ng
nS i¼t(n þ1

(16)

S

Note that in the case-study provided in section 4 the values
chosen for nS are nS ¼ f1; 2; 4; 10g which correspond to the intervals of 15 minutes, 30 minutes, 1 h and 2.5 hours. Finally the
b are:
bounds applied to the predicted proﬁles P

% &
%
&&
%
b * max Dn Phist
DnS P
S

(17a)

% &
%
&&
%
b ) min Dn Phist
DnS P
S

(17b)

with the maxð Þ- and minð Þ operators selecting respectively the
maximum and the minimum value of a proﬁle. The way the conb
straints (17) are implemented is by constructing the proﬁle P
sample by sample. More precisely, for each sample t a candidate

b ðtÞ
point P
candidate is created using a uniformly distributed random
ðtÞ b
variable in a ﬁrst step. Then, the mean derivatives D ð PÞ
(for
nS

nS ¼ f1; 2; 4; 10g) are computed taking into account the candidate

b ðt(1Þ of the
b ð1Þ ; …; P
point and the previously generated samples P
b and e in case the constraints (17) are not respected e P
b ðtÞ
proﬁle P
b ðtÞ
is obtained by projecting P
candidate on the feasible set accordingly.

b hist Þ, the lower- and upper bounds B and B as well as the historic measured PV power Phist .
Fig. 5. Realization of the uncertain PV power predictions PðP
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As described in section 3.2, the predictive controller is executed
4 times for one day in order to (re-)declare the predicted grid power
injection proﬁle P+
G to the grid operator. Each time the predictive
controller is executed (more precisely at times t0 ¼ { J-1 at 16:00,
b
04:00, 10:00, 14:00 }), it requires the PV power forecast P
:/24

created at the corresponding time t0 as an input. In Fig. 5 the
b
generated PV power forecasts P
:/24 related to the 4 prediction
instants t0 are illustrated. One can see very nicely how the updated
predictions differ from the previous ones. This underlines the
importance of being able to re-adjust the initially declared power
injection proﬁle P+
G;0/24 by the predictive controllers PC2 ; PC3 and
PC4 .
b is
Remark: The sampling period for the generated forecasts P
TS;p ¼ 15min while the one for the generated realized power proﬁle
P is TS;r ¼ 1min.
Fig. 6 shows one realization of the uncertainty w consisting of
b 0/24 , P
b 6/24 , P
b 12/24 and P
b 16/24 and of one
the 4 forecasts P
associated realized power proﬁle P.
4. Case study
In this section a case study is provided based on historic
measured data from a 3 MW PV power plant which is located close
to Marseille in the south of France. The data covers a full year and is
sampled at TS;r ¼ 1 minute. It has been made available for this study
by the company Schneider Electric.
For this study, the nominal power of the plant, i.e. the maximal
power which can be produced by the PV panels is assumed to be
Pnom ¼ 5MW. The available historic PV power proﬁle has been
scaled up accordingly. Under the regulatory framework described
in section 2 a newly installed PV farm of this size requires the
installation of a battery. The results obtained by applying the
method described in the previous sections provides valuable information for choosing the appropriate battery size and for estimating the proﬁtability of the investment.

4.1. Algorithm set-up
In order to keep the computation time in a reasonable range
(around 6 ( 10 hours), the algorithm is only applied to every 15-th
day of the year, meaning that Ndays ¼ 24 in algorithm 2. This way
the results cover the seasonal variations of the year and can be
considered to provide representative annual ﬁgures. Note that in
order to obtain annual ﬁgures on the to-be-expected revenue, the
direct results of the algorithm are scaled by the factor
365=24 ¼ 15:2. Based on some preliminary tests the ﬁnite set of the
design parameter vector q is chosen as follows:

n

o

q1 ¼ 4$105 ; 4:005$105 ; …; 4:6$105 ðrevenue limitÞ
q2 ¼ f0:90; 0:95; …; 1:20g ðpow: scale factorÞ
Moreover the algorithm is applied for the following battery
sizes:

Cbat ¼ f1; 500; 1000; 1500; 2000; 5000; 10000g

½kWh&

The choice for the randomized algorithm parameters is: accuracy h ¼ 10%, conﬁdence d ¼ 5% and the allowed number of failures
m ¼ 5. The resulting sample complexity N becomes then

N)

&
1 % e &% nq
ln þ m ) 234
h e(1
d

(18)

with cardinality nq ¼ nq1 $nq2 ¼ 840. Note also that in this case study
a constant energy tariff of 0.10 V/kWh is applied. Nevertheless
variable energy tariffs are possible as well.
Computation time considerations: The computations were
performed on an Intel(R) Core(TM) i7-3540M @ 3.00 GHz machine.
It takes around tday ¼ 90 ms to execute the control scheme consisting of the 4 predictive controllers PC1 ; …; PC4 and the real-time
controller RTC in closed-loop for one day. Due to the speciﬁcity that

b
b
b
b
Fig. 6. Realization of the uncertainty w consisting of the PV power predictions P
0/24 , P 6/24 , P 12/24 and P 16/24 and the actually realized power proﬁle P.
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Fig. 7. Guaranteed lower bound on the to-be-expected revenue J + ðqÞ at a probability
of 1 ( h ¼ 90% and with conﬁdence 1 ( d ¼ 95% versus the mean revenue
P
1 N
i
N i¼1 Jr ðq; w Þ over N ¼ 234 realizations of the PV power uncertainty.

the parameter q1 does not appear in the time-consuming computations of the realized revenue, the computation time can be estimated by the following formula:

tC ¼ nCbat $nq2 $Ndays $N$tday
¼ 7,7,24,234,90 ms ¼ 7 hours

(19)

4.2. Obtained results for a plant with Pnom ¼ 5MW
In Fig. 7 the obtained guaranteed lower bounds J + ðqÞ on the tobe-expected revenue for different battery sizes are depicted. The
results state that with probability greater than 1 ( h ¼ 90% and
conﬁdence 1 ( d ¼ 95% the annual revenue of the installation is
greater than the obtained values of J + ðqÞ. One can see very nicely
how for increasing battery sizes the obtained guarantees on the tobe-expected revenue increase as well. Moreover the corresponding
P
i
mean revenues N1 N
i¼1 Jr ðq; w Þ over the N realizations of the uncertainty are plotted. They are around 1 ( 2 % higher than the
guaranteed ones for the different battery sizes.
In Fig. 8 the mean annual revenue over the N ¼ 234 realizations
of the uncertain PV power production is provided as a function of
the design parameter q2 and for different battery sizes. Recall that
q2 is a tuning parameter in the predictive controller allowing to
scale the forecasted PV power production. Two observations can be
made: Firstly a higher battery size generally results in a higher
mean revenue as already visualized in Fig. 7. However this mean
revenue is upper-bounded and from a certain battery size on, the
mean revenue does not increase signiﬁcantly anymore. Secondly
the ﬁgure shows that the maximal mean revenue is achieved if the
forecasted PV power production proﬁles are assumed to be slightly
higher ðq2 > 1Þ in case the battery capacity is rather small. In case
the battery is large however, q2 < 1 results in the maximal mean
revenue. This result underlines the importance of optimally tuning
the control scheme in order to maximize the revenue of such an
installation.

4.3. ROI (return on investment) study
In the following we provide a sensitivity study which aims to
help answer the following questions:

605

Fig. 8. Average revenue of 234 uncertainty realizations as a function of the battery size
b
and the scaling factor q2 of the amplitude of the PV power forecasts P
:/24 in the
planning problem.

! What is the optimal battery size for a given PV plant subject to
the regulations [3]?
! Under which conditions is it cost-effective to install batteries
associated to PV plants?
Note that all the results are obtained under the assumption that
the regulatory framework described in section 2 applies. Additionally the assumptions are made that no speciﬁc battery technologies are considered and that the battery life-time is assumed to
be 10 years. Clearly, this last assumption is not valid for any type of
battery technology, however several Li-ion battery producers claim
a life-time of 10 years or even more. [24] provides a comparison of
different Li-ion technologies and their suitability for different applications. In this case study, the impact of the following parameters is investigated:
! investment cost of the battery (in V/kWh).
! basic vs. peak power option of the regulatory framework.

Fig. 9. Guaranteed proﬁt over 10 years as a function of the battery size and for
different battery capacity costs in the range 0e1000 V/kWh. One can see that at a
capacity cost of 100 V/kWh the optimal battery size is 200 kWh, while at higher
battery capacity costs it is basically not proﬁtable to install a battery.
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Impact of the battery investement cost:
The cost of storage capacity depends a lot on the battery technology which is used. In Ref. [25] capacity costs in the range of
150 ( 1000USD=kWh are reported, depending on the technology.
Moreover it is likely that the battery capacity cost is going to
decrease during the coming years due to the rapid advances in the
battery storage technology.
In the following the optimal battery size for a 5MW PV plant is
investigated for battery capacity costs in the range of 0 ( 1000
V/kWh. After applying the method described in section 3 the obtained guaranteed lower limits on the to-be-expected revenues are
scaled to 10 years (which corresponds to the assumed battery lifetime) and the battery investment costs are subtracted. Fig. 9 shows
the so obtained guaranteed proﬁt for a 10 year period for different
battery sizes and for different battery capacity costs. It is important
to keep in mind that these guaranteed proﬁts are not guaranteed in
a robust manner, but probabilistically with probability ) ðð1 ( dÞ ¼
90%Þ . From the ﬁgure one can determine that the optimal battery
size that maximizes the proﬁt of the installation is 200kWh if the
capacity cost is 100 V/kWh. At higher capacity costs however it is
not proﬁtable to install a battery at all with the basic option of the
regulatory framework and the assumed ﬂat energy tariff of 0.10
V/kWh. This result is relatively surprising, considering the fact that
several other works such as for instance [26] suggest considerably
larger battery capacities of around 30% (in kWh) of the installed PV
capacity (in kW). This important gap from our result however can
be explained by the fact that in Ref. [26], the battery is sized in such
a way that the ramping constraints (1) are strictly respected, while
our approach accepts to pay penalties if the constraints cannot be
respected, rather than to invest in a larger battery capacity.
To the best of our knowledge no other contributions propose
battery sizing strategies which provide a guaranteed lower bound
on the to-be-expected revenue in a comparable regulatory context.
For this reason, we do not provide further quantitative comparisons
with other sizing approaches. Nevertheless, such comparisons
would be highly interesting and might be a topic for future
investigations.
In the following the same study is applied for the ”peak hour
option” of the regulatory framework which was brieﬂy introduced
in section 2.
Impact of the battery investement cost with the peak power
option and a variable energy price:
In the peak power option a variable tariff is proposed where the
PV plant operator is remunerated 0.50 V/kWh during the peak
hours between 19:00e21:00. Fig. 10 shows the applied price proﬁle. Additionally the PV plant operator is obliged to declare a grid
power injection proﬁle ) 20%,Pnom during the peak hours.
In Fig. 11 an exemplary result of the control scheme applied to
one day and for one realization of the uncertainty is provided. The

Fig. 10. Variable tariff proﬁle G which is applied if the PV operator chooses the peak
hour option. During the peak period lasting from 19:00 to 21:00 the remuneration is
ﬁve times higher than during the rest of the day and the PV plant operator is obliged to
declare a power PG ) 20%,Pnom.

Fig. 11. Exemplary results of the control scheme with the peak hour option. The battery capacity is 4000kWh. The battery stores the energy produced by the PV panels
during the day in order to sell it to the grid during the peak hours where the energy
price is higher.

battery capacity in the example is 4000kWh. One can see how the
battery stores a part of the energy produced by the PV panels
during the day in order to be able to supply it to the grid during the
peak hours where the energy price is higher. Fig. 12 shows the
guaranteed proﬁt of the installation over 10 years with the peak
power option. The same conﬁguration is used as in the previously
presented results for the basic option of the regulatory framework,
i.e. Pnom ¼ 5MW and the same battery capacity costs between
0 ( 1000 V/kWh. One can see that the optimal battery sizes that
maximize the ROI are much higher (between 1500kWh and
2500kWh depending on the battery capacity cost) than in the results for the basic option. This is due to the fact that with the peak
option the declared power proﬁle P+
G has to be at least 20% of the PV
plant's nominal power during the peak period. In case the battery is
too small this required energy cannot be delivered and the resulting
penalties reduce the to-be-expected proﬁt signiﬁcantly. An

Fig. 12. Guaranteed proﬁt over 10 years for the case where the peak power option is
applied. The optimal battery size is between 1500 and 2500kWh depending on the
battery capacity cost.
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additional conclusion one can draw from the comparison with the
basic option is that the to-be-expected proﬁt is generally higher
with the peak option which can be explained with the higher energy price during the peak hours. For instance at a battery storage
cost of 300 V/kWh the guaranteed proﬁt with the peak option is
around 5000000V while with the basic option it is only 4300000V.
5. Conclusions
In this work a stochastic optimization framework for PV power
plants under regulations has been proposed. It allows to compute
guaranteed lower bounds on the to-be-expected revenue of a PV
plant for different sizes of the associated battery storage at a conﬁgurable probability. The particular strength of the proposed
method is that the uncertainty in the PV power predictions are
explicitly taken into account. The complete method consists of a
randomized algorithm formulation, an advanced control scheme
and a method to generate realizations of the uncertain PV power
production. Putting these three elements together, the framework
is a valuable tool to estimate the optimal battery size that maximizes the to-be-expected proﬁt for a PV plant under regulations.
From the results obtained in the case study one can see that the
optimal battery size can vary quite importantly with the nature of
the underlying regulatory framework.
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