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abstract

In this paper a model-free feedback control design is proposed for
the drug administration in mixed cancer therapy. This strategy
is very attractive because of the important issue of parameter
uncertainties unavoidable when dealing with biological models.
The proposed feedback scheme use past measurements to update
an on-line simplified model. The control design is then based on
model predictive control in which a suitable switching is per-
formed between two different cost functions. The effectiveness
of the proposed model-free control strategy is validated using a
recently developed model (unknown to the controller) governing
the cancer growth on a cells population level under combined im-
mune and chemotherapy and using real human data.

Keywords: Model-free strategy, control design, predictive con-
trol, mixed cancer therapy (chemotherapy-immunotherapy).

1 Introduction

The optimal way to administer drugs in cancer treatment by
combining chemotherapy and immunotherapy remains an open
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issue. A first reason lies in the lack of unified mathematical mod-
els for the underlying dynamics [10,18,23,20,19]. Indeed, models
vary depending on the type of cancer and the family of drugs
being used. Another difficulty comes from the variability of the
model’s parameters that can range up to more than 200% from
one patient to another.
Several solutions have been explored in order to overcome these
difficulties. For specific types of cancer described by simple mod-
els, it has been possible to propose treatment strategies that are
based on the identification for each patient of its own set of pa-
rameters. This method applied to treat breast cancer for clinical
trials already reveals interesting perspectives [2]. However, many
other types of cancer are described by models of high complex-
ity (involving different time and space scales) described through a
large number of parameters. In these situations, the identification
of the set of parameters for each patient may become a difficult
task. Indeed, it is a well-known fact in identification theory that
when a system is described by a large number of parameters, the
problem might be ill-conditioned unless the identification is real-
ized under extremely rich excitation signals. Unfortunately, this
is impossible to do in cancer treatment where the identification
would have been performed under the on-line treatment signals
that are generally insufficient to guarantee good identifiability of
the model parameters. In a recent work [5], it has been shown
that one can avoid identifying a large number of parameters by
concentrating on their key effect on the tumor cells dynamics.
Coupled with this low order on-line identification scheme, a Non-
linear Model Predictive Control (NMPC) [1] has been used and
robustness against parameter uncertainties has been investigated.
The results showed nice properties as long as the uncertainties
remained reasonably bounded. More precisely, for real-life uncer-
tainties, the choice of the nominal values of parameters may be
critical.
This paper aims at providing a new general treatment strat-
egy that is no longer based on a before-hand given physiological
model. Instead, a linear regression is adapted on-line (based on
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past cells population measurements) in order to obtain a short-
term predictive model that can be used in NMPC feedback de-
sign. Moreover, since the relevance of the identified model may
depend on the length of the prediction horizon being used, a
measurement based adaptation of the prediction horizon is also
proposed.

The proposed feedback scheme is validated through simulations.
The evolution of the patient cells population is are simulated
using a recently developed model governing the cancer growth
on a cells population level with combination of immune and
chemotherapy [6,7,5]. This model used in the simulations is not
known to the controller that uses exclusively the measurement-
based model as described above. The choice of this model is justi-
fied by the fact that it exhibits qualitative phenomenon clinically
observed such as tumor dormancy, oscillation in tumor size as
well as bifurcation-like behavior. Note that in [6,7], the effects of
the parameters variability is clearly illustrated by the fact that
identical open-loop injection profiles can be successful for one
patient and inadequate for another even when starting from the
same initial state. This perfectly illustrates the relevance of model
free solutions as the one proposed in the present contribution.

The paper is organized as follows: First, the model of [6,5,7]
is briefly described (section 2). Then, the formulations of opti-
mal control problems for mixed (immunotherapy chemotherapy)
therapy is described (section 3), and the proposed feedback strat-
egy is explained (section 4). Finally, illustrating simulations are
proposed in section 5.

2 Notations and dynamical evolution of key cells populations

In this section, the model proposed by [6,7] that is used in the
validating simulations is briefly described.
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This model involves the following cell populations:

• T : tumor cells population.

• N : total NK cells population. These cells are part of the innate
immune system and therefore exist even when no tumor cells
are present [6,21].

• L: total CD8+T cells population. These are active tumor spe-
cific cells that are part of the specific immune response. Con-
sequently, these cells are only present in large numbers when
tumor cells are present [6,21,12].

• C: number of circulating lymphocytes (or white blood cells).
This number is commonly considered as a measurement of the
patient health [17,16].

• M : chemotherapy drug concentration in the blood stream.

• I: immunotherapy drug concentration in the blood stream.

Before going further into the model description, it is important
to underline that, as it is recalled in [6,7], there is no universal
agreement as to the underlying dynamics or the precise cascades
of events that take place in the immune response process. The
model recalled and described below is however based on pub-
lished statements derived from clinical validations [8,9,22] as well
as on reasonable assumptions depicted on Table 1. It is worth
recalling however that the model is not used in the derivation of
the control law, but only in the validation step.
The considerations and assumptions depicted on Table 1 lead to

the following simplified model for cells population dynamics in
presence of tumor cells and under mixed immune and chemother-
apy medical interventions [6]:
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The number of tumor cells grows logistically in
the absence of immune response.

aT (1− bT ) in the r.h.s of (1)

Both NK and CD8+T kill tumor cells. −cNT and −DT in the r.h.s
of (1)

The cytokine IL-2 stimulates the recruitment of
CD8+T cells [21]. It is naturally present in the
immune system but it can also be injected ther-
apeutically [12]. The additional amount of cy-
tokine IL-2 that corresponds to this medical in-
tervention is represented by the state variable
I.

pII

gI + I
L in the r.h.s of (6)

NK cells are normally present in the body even
in the absence of tumor cells. In the model of [6],
the source of NK cells is taken to be a fraction
of the circulating lymphocytes. This is clearly
a simplification that aims to represent a rather
complex cascade of biological events that result
in the stimulation of NK cells production.

eC n the r.h.s of (2)

The fraction of cells (both tumor and healthy
cells) killed by chemotherapy depends on the
amount of drug present in the body.

(1 − e−M ) in the r.h.s of (1)-
(4)

Both the NK and the CD8+T cell populations
are stimulated by the presence of tumor cells. g

T 2

h+ T 2
N and j

D2T 2

k +D2T 2
L

in (2) and (3) respectively

All cells are in competition for space and nutri-
ments.

bilinear terms NT , LT , NL2

in equations (1)-(3)

Table 1
Table describing the modeling assumptions and their mathematical formulations.
This Table has to be related to the system dynamics described by (1)-(7)

dT

dt
=aT (1− bT )− cNT −DT −KT (1− e−M)T, (1)

dN

dt
= eC − fN + g

T 2

h+ T 2N − pNT −KN(1− e−M)N, (2)

dL

dt
=−mL+ j

D2T 2

k +D2T 2L− qLT + (r1N + r2C)T −

−uNL2 −KL(1− e−M)L+
pII

gI + I
L+ vL(t), (3)
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dC

dt
=α− βC −KC(1− e−M)C, (4)

dM

dt
=−γM + vM(t), (5)

dI

dt
=−µII + vI(t) (6)

D=d
(L/T )l

s+ (L/T )l
(7)

To summarize, the model involves 6 state variables T , N , L, C M ,
and I, and 3 manipulated (control) variables vM , vL and vI . The
model involves 24 parameters: a, b, c, d, s,KT , e, f, g, h,KN ,m, j, k, q,
r1, r2, u,KL, α, β,KC , γ and l. In [6], two sets of experimentally
identified parameters for two different patients are given. These
sets, unknown to the controller, are used in the remainder of the
paper for simulation and validation purposes.

3 Formulations of optimal control problems for mixed therapy

The basic paradigm in cancer therapy drug administration is to
decrease the number of tumor cells T while monitoring the num-
ber of circulating lymphocytes C as they are a good measurement
of the patient health [11,13,19,3]. To express these concerns, two
different formulations of optimal control problems can be used:

(1) The first formulation is the one used by [19,15,1,4] among
many other works. It amounts to minimize the tumor size
T (tf) at the end of some prediction horizon while keeping
the circulating lymphocytes above a given threshold

P1 : min
vM (·),vL(·),vI(·)

T (tf) (8)

under C(t) ≥ Cmin, ∀t ∈ [0, tf ]

This formulation aims to reduce the tumor size as fast as
possible under the health constraint C(t) ≥ Cmin.
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(2) The second possible formulation, proposed in [4], uses a more
careful approach. Namely, it aims to maximize the patient
health under a contraction constraint on the tumor size at the
end of the prediction horizon. More precisely, the following
game is defined:

P2 : max
vM (·),vL(·),vI(·)

min
t∈[0,tf ]

C(t) (9)

under T (tf) ≤ γT (0) with γ ∈]0, 1[

This formulation focuses on the health level by accepting
probably a slower decrease of the tumor size.

In both formulations, the decision inputs are the drug injections,
namely, the chemotherapy drug injection vM and the two im-
munotherapy drugs injections vI and vL. Therefore a feedback
treatment strategy is an algorithm that computes on-line the
suitable injections vM , vL and vI based on past measurements
of the patient’s two key quantities: the number of tumor cells
T and the number of circulating lymphocytes C. Particularly, a
model-free strategy is a strategy in which, the above algorithm
does not involve any a-priori knowledge on the dynamic model
that underlines the cells populations evolution.

4 The proposed model-free feedback strategy

As explained in the preceding section, in order to define a feed-
back injection strategy, one has to compute the injection quan-
tities vM , vL and vI as functions of the past measurements of T
and C. It is shown in this section that a qualitative difference
holds between the chemotherapy treatment on one side and the
immunotherapy treatment on the other side since the chemother-
apy drug induces opposite effects that involve a trade-off to be
computed by optimization while the immunotherapy induces di-
rect and always beneficial effects and can therefore be handled
more easily.
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4.1 The immunotherapy feedback law

Let τs > 0 be a sampling period, the decision instants denoted
by {tk = k.τs}Nk=1 correspond to the instants at which the plan-
nified injection strategy is updated. The goal of immunotherapy
is to strengthen the ability of the body to fight against cancer
by enhancing the effectiveness of the patient immune system. Its
action does only produce beneficial effect unlike chemotherapy
that induces positive effects (tumor regression) and negative ef-
fects (regression of the immune system). As a result, the strategy
of immunotherapy will only be based on the evolution of the tu-
mor cells population, whereas chemotherapy will depend on both
tumor cells population and circulating lymphocytes populations.

More precisely, the immunotherapy feedback law expresses the
following simple rules:

(1) Injections are positive and upper bounded by some saturation
levels:

0 ≤ vL ≤ vmaxL ; 0 ≤ vI ≤ vmaxI (10)

where in accordance with [6], a maximum TIL’s boost of
vmaxL = 109 cells and a maximum IL-2 boost of vmaxI = 5×105

cells are considered.

(2) Injections are fired when the tumor cells population is not
sufficiently decreasing, namely:{

δT (k) = T (k)− T (k − 1) ≥ −δmax · T (k)
}
⇒ Injection

(11)

(3) when injections are fired, the injection level depends on the
tumor cells populations. In particular, it vanishes when T
goes to 0.

The above rules can be summarized through the following explicit
expressions that completely define the immunotherapy feedback
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Fig. 1. Definition of the maps α(·) and f(·) involved in the immunotherapy feedback
strategy defined by (12)-(13).

law:

vL(T, δT ) =
[
α(T ) · f(

δT

T
)
]
· vmaxL (12)

vI(T, δT ) =
[
α(T ) · f(

δT

T
)
]
· vmaxI (13)

where the functions α(·) and f(·) are those depicted on Figure 1.

4.2 The chemotherapy feedback law

As pointed out earlier, unlike immunotherapy that has only a
beneficial action, chemotherapy induces beneficial effects (tumor
regression) together with harmful effects (regression of the im-
mune system). This creates the need for a trade-off in the chemother-
apy dosage and the best choice can be computed by on-line op-
timization. However, the optimization requires the consequences
of each choice on the cost function to be predicted and this needs
a prediction model. Since we aim to develop a (biological model)-
free feedback law, the prediction model has to be computed on
line and exclusively from past measurement data. In order to do
this, we first impose the following structure of the chemotherapy
injection over a sampling period [kτs, (k + 1)τs]:
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vM(t) =


0 if t ∈ [kτs, (k + 1

2)τs]

vM(k) otherwise

where vM(k) is the decision variable (chemotherapy injection dur-
ing the time interval [(k + 1

2)τs, (k + 1)τs]) to be computed by
optimization. More precisely, the injection vM(k) is computed as
follows:

(1) Note first that one disposes of the following past measure-
ments that have been acquired during the past sampling pe-
riod [(k − 1)τs, kτs]:

vM(k − 1) , T (k − 1) , T (k − 1

2
) , T (k)

(2) Note also that the value T (k− 1
2) results from T (k−1) when

applying no chemotherapy injection (vM = 0) during half a
sampling period τs/2.

(3) Moreover, the value T (k) results from T (k − 1
2) when apply-

ing the chemotherapy injection vM = vM(k − 1) during half
the sampling period τs/2.

(4) Using the above two facts, it is possible to identify a short
term affine prediction model that takes the following form:

Ṫp = ak−1 + bk−1vM(k) (14)

where the coefficients ak−1 and bk−1 are identified using the
preceding sampling period related measurements by:

ak−1 =
2

τs
[T (k − 1

2
)− T (k − 1)] (15)

bk−1 =
2

(vM(k − 1) + ν)τs
[T (k)− 2T (k − 1

2
) + T (k − 1)]

(16)

where ν > 0 is a regularization coefficient.
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(5) Similarly, based on the measurements:

vM(k − 1) , C(k − 1) , C(k − 1

2
) , C(k)

it is possible to identify an approximate affine prediction
model for the circulating lymphocytes:

Ċp = gk−1 + hk−1vM(k) (17)

in which gk−1 and hk−1 have the same expressions as ak−1

and bk−1 respectively provided that T is replaced by C in
(15) and (16).

(6) At the decision instant kτs, the prediction models (14)-(17)
are used to predict the future evolutions of the tumor size and
the circulating lymphocytes level for each candidate value of
the chemotherapy injection vM over some prediction horizon
τp = Npτs. More precisely, for all future instant (k+ i)τs over
the prediction horizon [kτs, (k+Np)τs], the prediction is given
by:

Tp(k + i, vM) =
[
eak−1iτs

]
T (k) +

[
(1− eak−1τs/2) · bk−1 · i

]
vM

(18)

Cp(k + i, vM) =
[
egk−1iτs

]
T (k) +

[
(1− egk−1τs/2) · hk−1 · i

]
vM

(19)

The predictions are clearly exclusively constructed based on
the past measurements and are based on simple models that
can be directly used to derive sub-optimal solutions (if any)
to the optimal control problems P1 and/or P2. Note that
when performing the corresponding optimization, the follow-
ing quantized set of admissible values for the chemotherapy
injections is used:

vM ∈ {0, 0.2, 0.4, 0.6, 0.8, 1} · vmaxM

where vmaxM is the maximum allowable chemotherapy dosage.
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As for the choice of the optimal control problem to be used,
the idea is to focus primarily on the second optimal control
problem P2, namely the one that tries to maximize the pa-
tient health under a contraction constraint on the predicted
level of the tumor size at the end of the prediction horizon of
length τp = Npτs. If there is no solution to this optimal con-
trol problem, the constrained optimal control problem P1 is
used in order to enforce the decrease of the tumor cell under
health constraint.

In both cases, the resulting solution vM(k) is applied over
the second half of the sampling period [kτs, (k + 1)τs]. The
corresponding measurements are used to compute the up-
dated values of the model parameters, namely ak, bk, gk and
hk and a new prediction model is obtained that is used to
formulate the new two approximated optimal control prob-
lems P1 and P2 and the procedure is repeated. Note that this
corresponds to an NMPC control scheme since a prediction
over a rather long horizon is used to compute an optimal se-
quence, only the first part of this optimal sequence is applied
on the present sampling period at the end of which a new
optimal sequence is computed based on an updated model,
the fist part of it is applied and so on.

5 Simulation results

The set of parameters used in the validating simulations corre-
sponds to the patient 9 of [6]. The parameters used in the pro-
posed feedback and the initial conditions are given in Table 2.
The simulation results for a strategy based on a single treatment
(immunotherapy or chemotherapy) with an initial tumor size of
T0 = 9.107 cells are shown in Figure 2. The strategies obtained
for a single drug (chemotherapy on Figure 2 (a) or immunother-
apy on Figure 2 (b)) are unsuccessful since they do not lead to a
tumor regression.
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Fig. 2. Behavior of the population levels using a single treatment, in Figure (a) only
chemotherapy is used and in Figure (b) only immunotherapy is used. The strategies
based on a single drug are unsuccessful since they do not lead to a tumor regression.
[Simulation conditions: T0 = 9×107 cells, τp = 48h, combined use of optimal control
problems P1 and P2 with on Figure (a) exclusively chemotherapy and on Figure (b)
exclusively immunotherapy]

On the other hand we can observe on Figure 3, that the mixed
strategy is successful leading to a tumor regression while dur-
ing all the treatment, the population of circulating lymphocytes
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Fig. 3. Successful treatment leading to a tumor regression while maintaining a high
population level of circulating lymphocytes. This simulation when compared to that
of Figure 2 shows the relevance of the combined therapy. [Simulation conditions:
T0 = 9× 107 cells, τp = 48h, combined use of optimal control problems P1 and P2,
with mixed immuno-chemotherapy]

is kept far above the minimum threshold of circulating lympho-
cytes, which witnesses good patient health. The sharp decrease of
tumor cells population starts around the 10th day, this decrease
is at the very beginning due to both actions of chemotherapy and
immunotherapy, and then it is exclusively due to the action of
immunotherapy, as a result, the population level of circulating
lymphocytes is kept high above the threshold.
It is interesting to notice that the drug injection results in ap-
plying chemotherapy at the beginning of the treatment therapy.
This solution is different from the optimal solutions obtained
in [11,14,24] that apply the drugs at the end of the treatment
period. In [1], it has been shown that the formulation P1 shows
qualitatively different solutions that have exactly the same cost
value. The solution for the compartmental model considered in
these works is sensitive to the initial guess.
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5.1 Influence of the choice of the optimal control problem

Let us now observe the influence of the choice of the optimal con-
trol problem. We can observe on Figure 4.(b) the results that may
be obtained when only the optimal control problem P1 is used
under the same initial conditions as in the simulation shown on
Figure 3. Though the treatment is successful, we can observe that
the combined use of both optimal control problems [Figure 4.(a)]
ensure a high level of circulating lymphocytes at the end of the
treatment period, and therefore a good patient health at the price
of slower tumor regression. Note that this is achieved by stopping
the chemotherapy earlier while maintining immunoterapy slightly
longer.

5.2 Influence of the prediction horizon

Different values of prediction horizon lead to different evolutions
of the tumor cells and circulating lymphocytes populations. Fig-
ure 5 shows the influence of the prediction horizon for two pre-
diction horizons ; Figure 5 (a) shows the strategy obtained with
a prediction horizon of 4 hours and Figure 5 (b) the strategy
obtained for a prediction horizon of 48 hours. For a 4-hour pre-
diction horizon [Figure 5 (a)], we can observe that the predictive
control strategy leads to a faster decrease of both tumor cells
and circulating lymphocytes (thus a lower patient health) than
for a 48-hour prediction horizon [Figure 5 (b)]. This fact can be
explained by the different drug strategies used in the case of a
short or a long prediction horizon. As shown on Figure 5 (a), for
a 4 hours prediction horizon, intensive chemotherapy is applied
longer, as a result the patient health is lower. On the other hand,
Figure 5 (b) shows that the strategy obtained with a prediction
horizon of 48 hours use less chemotherapy and more immunother-
apy, the tumor regression takes longer but the patient health is
higher.
As a matter of fact, the value of the prediction horizon mod-
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Fig. 4. Illustration of the efficiency of the switching strategy between the two opti-
mization problems P1 and P2. Indeed, when this switching strategy is used [Figure
(a)], a higher level of circulating lymphocytes is obtained at the price of a slightly
slower tumor regression. Figure (b) shows the result when only problem P1 is used.
[Simulation conditions: T0 = 9×107 cells, τp = 48h, combined use of optimal control
problems P1 and P2, with mixed immuno-chemotherapy]

ifies the optimal control problem (P1 or P2) that is chosen at
each decision instant. The switching between the two optimal
control problem is shown on Figure 6 (b) for different prediction
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Fig. 5. Influence of the prediction horizon: (a) 4 hours (b) 48 hours. Small prediction
horizons lead to extensive use of chemotherapy at the beginning of the treatment.
This leads to faster tumor regression to the detriment of the patient health. [Sim-
ulation conditions: T0 = 9 × 107 cells, τp = 4h, combined use of optimal control
problems P1 and P2, with mixed immuno-chemotherapy.]

horizons, and Figure 6 (a) shows the corresponding evolution
of tumor cells and circuating lymphocytes. For short prediction
horizons, the optimal control problem P1 is selected longer at
the beginning of the treatment. (Recall that the optimal control
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Fig. 6. (a) Behavior of the tumor cell T and circulating lymphocyte populations
for four values of the prediction horizon. For short prediction horizon, the tumor
cell population decreases faster, but also do the circulating lymphocytes. For large
prediction horizon, the treatment fails. (b) Choice of the optimal control problem
selected for each decision instant between P1 and P2. 1 stands for the choice of the
optimal control problem P1, and 2 for the optimal control problem P2. [Simulation
conditions: T0 = 9×107 cells, τp = {4h, 24h, 48h, 10×24h}, combined use of optimal
control problems P1 and P2, with mixed immuno-chemotherapy]

problem P1 is selected when no solution satisfies the contraction
factor with the optimal control problem P2). The contraction fac-
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tor being identical for any prediction horizon, so short prediction
horizons have less chances to fulfill this criterium, the optimal
control problem P1 is thus more frequently selected. Moreover,
recall that the strategy of the optimal control problem P2 aims
at maximizing the patient health under a contraction constraint
on the tumor size. As a result this strategy yields high popula-
tion level of circulating lymphocytes thanks to a restricted use
of chemotherapy and a more extensive use of immunotherapy.
Based on these considerations, a longer prediction horizon seems
a better choice since it ensures a better patient health at the price
of a slightly slower tumor regression. However, we can observe on
Figure 6 (a) that when the prediction horizon is too long, the
model-based feedback control is not able any more to induce a tu-
mor regression since the oversimplified prediction model becomes
too erroneous.
The high sensitivity of the result to the choice of the prediction
horizon suggests an on-line adaptation mechanism for the pre-
diction horizon. More precisely, the prediction horizon has to be
taken as long as possible provided that it represents faithfully the
system evolution. This property can be monitored by comparing
the predicted population levels with the actually measured one.
Depending on the value of the error the prediction horizon is in-
creased or decreased. Figure 7 (b) shows the evolution of the pre-
diction horizon during the treatment period with an initial value
of 10 days. Note that the bad quality of the prediction model
with this initial value that induced an unsuccessful treatment
[see Figure 6 (a)] has been detected by the updating scheme and
the horizon has been temporarily reduced leading to a successful
treatment.

6 Conclusion

This paper proposes a new approach for the drug administra-
tion in mixed cancer therapy. In order to avoid parameter un-
certainties that are frequent when dealing with biological mod-
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Fig. 7. Illustration of the efficiency of the prediction horizon updating strategy. (a)
Evolution of the cells populations and the injected drugs starting from an initial
value of the prediction horizon of 10 days under the updating strategy for the
prediction horizon. (b) Corresponding evolution of the prediction horizon. Nota that
the initial value of 10 days would have lead to an unsuccessful therapy as shown
on Figure 6. [Simulation conditions: T0 = 9 × 107 cells, τp0 = 10 × 24h, combined
use of optimal control problems P1 and P2, with mixed immuno-chemotherapy and
adaptation algorithm of τp.]

els, we propose here to build a model-free predictor of the key
state variables based on the past measurements. The efficiency
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of this strategy is illustrated through dedicated simulations. This
strategy reveals particularly good performances, and thus ap-
pears very promising.
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Simulation data value

Maximum dose of immunotherapy vmax
L = 109 and vmax

I = 5× 105

Maximum dose of chemotherapy vmax
M = 1

contraction factor γ = 0.9

Circulating lymphocytes threshold Cmin = 1.8750.1010

Constants for the feedback law on im-
munotherapy [see Figure 1]

δmax = 1.0 × 106, δmin = 0.0 and
Tmax = 1.0× 107

Initial conditions L0 = 50, N0 = 5×102 C0 = 3×Cmin

Table 2
The set of parameters used in the control strategy
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