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Abstract

In this paper, a nonlinear receding-horizon estimation scheme is proposed for general nonlinear diffusive binary chromatographic
processes. This is done by approximating the concentration profiles over a suitable truncated functional basis. The resulting vector
of unknowns is first reduced using available measurements. Then the remaining part is computed by nonlinear optimization.

Numerical simulations are proposed to illustrate the efficiency of the proposed scheme.
# 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Among different separation tools, chromatographic
processes gain increasing importance in domains such as
food, fine chemicals and pharmaceutical industry where
high purities and yields are required. The chromato-
graphic separation principle lies on the different
adsorption affinities of the components in a multi-com-
ponent mixture. Originally, the processes were operated
in batch mode and this operation was repeated resulting
in a periodic process. Nowadays, the attractive char-
acter of continuous processes is realized in the true
countercurrent chromatographic process where several
chromatographic columns are disposed in series in
which the solid and liquid phases move in opposite
direction. Practically, this continuous process suffers
from several drawbacks including in particular the fast
degradation of the solid adsorbent, so that it is prefer-
able to simulate its movement by cyclic switching of the
feed stream and of the inlet and outlet ports in the
direction of the fluid flow.
Due to its hybrid character including continuous and

discrete dynamics, its operational conditions close to the
optimum, its great sensitivity to operation parameters
and disturbances, the control of the SMB process is
complicated and many different strategies have been
proposed for various types of separation [2,4,5,8].
Therefore, the estimation of the current concentration
profiles within the columns of the plant for its use in the
control design becomes mandatory.
In almost all existing estimation schemes, a simplified

linear model is used in order to explicitly exploit wave
propagation related arguments to decouple the equa-
tions for the different species. Output measurements are
then used to add corrections to the above simplification-
based estimation scheme [6].
In the present paper, a novel approach is proposed

that may handle the general coupled non-linear case.
More precisely, a general nonlinear equilibrium law is
considered yielding a system of coupled nonlinear
PDE’s where the ‘‘wave propagation’’ related argu-
ments are no more valid and the coupling phenomena
take the system away from the ideal scheme classically
used.
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The basic idea in the proposed approach is to choose
a suitable space functional basis for the transient con-
centration profiles to be correctly approximated. The
concentration profiles are then looked for as linear
combinations of the basis elements. The coefficients of
these linear combinations are then obtained by mini-
mizing a weighted sum of the output prediction errors
at past sampling instants over some moving-horizon.
Fortunately, in the case of the simulated-moving bed, a
part of the measurements can be used to form a linear
system of constraints that enable the unknown vector to
be parameterized in terms of a reduced-size free para-
meter vector. The latter are then obtained by solving the
corresponding reduced-dimension nonlinear optimiza-
tion problem. It is worth noting that no ODE’s are used
to approximate the system’s behaviour, the output pre-
diction is obtained by integrating the nonlinear PDE’s.
The functional basis is only used to define the best esti-
mation of the past initial concentration profiles.
The paper is organized as follows: in Section 2, the

estimation problem is clearly stated. In Section 3, it is
shown how the estimation problem can be written as
an optimization problem. Finally, some implementa-
tion issues and numerical experiments are reported in
Section 4.
2. Problem statement

A simulated-moving-bed (SMB) chromatographic
system (see Fig. 1) is obtained by connecting several
single chromatographic columns in series to form four
functional sections [10,3]. A countercurrent movement
of the bed is simulated by periodically switching the
inlet and outlet ports in the direction of the fluid stream.
The aim of the whole system is to separate the compo-
nents A and B initially present in the inlet feed stream.
In the case of the SMB shown in Fig. 2, component A is
recovered at the outlet of Section 1 while component B
is recovered at the outlet of Section 3. The flow rates of
the fluid stream in the different four sections can be
controlled by varying the four independent flow rates:
recycle, extract, raffinate and desorbent. Assuming a
fast transfer of species A and B between the two phases,
the system behaviour in each section may be described
by the following PDE’s
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where the cjs ( j 2 {A, B}) refer to the concentrations of
species j in the liquid, u is the fluid velocity (cm/s) in the
Fig. 1. Schematic view of a simulated moving bed.
Fig. 2. Definition of the estimation problem.
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considered section. " Is the void fraction andDax(u) is the
dispersion coefficient depending on u according to the
following expressions

Dax uð Þ ¼ uL=Pe uð Þ;Pe uð Þ ¼
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where L is the length of the section (cm), Pe is the Peclet
number, Re is the Reynolds number, � is the fluid visc-
osity [g/(cm:s)], Rp is the particle radius (cm) while r is
the fluid density (g=cm3). Finally, the matrix Q(cA, cB)
2 R2�2 is given by
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where qeqj cA; cBð Þ expresses the steady state equilibrium
law.
The developments in the present paper hold for arbi-

trary nonlinear equilibrium relations qeqj cA; cBð Þ. For the
concrete simulations of Section 4, however, the follow-
ing nonlinear Langmuir isotherm is considered

qeqj cA; cBð Þ :¼
Kjcj

1þ KAcA þ KBcB
; j 2 A;Bf g ð4Þ

Using the row vector C :=(cA, cB), Eq. (1) becomes
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To complete the definition of system dynamics, the
following boundary conditions are considered [3]

C t; 0ð Þ ¼ C in tð Þ;
@C

@x
t; 2Lð Þ ¼ 0 ð6Þ

where Cin (.) is some given function of time with values
in R2þ. Note that the original boundary condition on the
spatial derivatives in (6) is @C

@x t;1ð Þ ¼ 0. However, it has
been shown in [3] that this may be replaced by
@C
@x t; �Lð Þ ¼ 0 for all � > 1.3 without dramatic change
in the result. In the following, �=2L is chosen.
The estimation problem can then be stated as follows

(see Fig. 2):

Based on the PDE’s (5) with the boundary conditions
(6) describing the dynamics of C in each section,
provide an algorithm that uses the measurements of
C(., 0) and C(., L) over some past time interval
[t�TO, t [ to reconstruct the concentration profile
C(t, x) at instant t for all x 2 [0, L].
Recall that the measured variables are the concentra-
tions cj (t, 0) and cj (t, L) ( j 2 {A, B}) at the inlet and the
outlet of the considered section. Measurements are sup-
posed to be acquired with a sampling rate 
>0 in order
to construct at each instant t, the following two
measurement matrices
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Using Y 0(t) and YL(t), good approximations of Y
.
0(t)

and YL(t) may be obtained by measurement pre-con-
ditioning and smooth interpolation. Such approxima-
tions will be denoted by Y

.
0(t)�S(1)(Y 0(t)) and Y

.
L(t)

�S(1)(YL(t)) respectively.
The estimation scheme proposed in this work tries to

find concentration profiles that belong to the following set

Ac :¼ f : 0; 2L½ � ! Rþj f xð Þ ¼ B xð Þ�;� 2 Rna
� �

ð7Þ

where B : [0;2L] ! Rna defines a na-dimensional twice
differentiable functional basis on [0, 2L]. With the above
definitions, an approximate estimation of C(t,x) is writ-
ten C t; xð Þ � B xð Þa tð Þ 2 Ac �Ac with some a(t) 2 Rna�2.
3. The nonlinear observer’s design

Given an initial condition t0;C
0

 �
2 Rþ � Ac �Ac

satisfying the boundary conditions (6) at instant t0, the
solution at t5t0 of (5) under (6) is denoted by C(t; x; t0;
C 0).
Following classical arguments of receding-horizon

estimation schemes [1,7,9,11], it may be argued that the
estimation of the concentration profiles C(t, .) at instant
t amounts to find the optimal estimation Ĉ t� TO; �ð Þ of
the concentration profile at instant t �TO and to take
Ĉ t; xð Þ ¼ C t; x; t� To; Ĉ t� TO;�ð Þ

� �
as an estimation of

C(t,x).
Denoting by B(x)â(t) the estimate of C(t �TO, x), one

can easily see that â(t) has to satisfy the following two
5-dimensional linear system of equations expressing
boundary conditions [see the boundary conditions (6)
and the system’s Eq. (5)].

A tð Þâ tð Þ ¼ b tð Þ ; A tð Þ 2 R5�na ; b tð Þ 2 R5�2 ; â tð Þ 2 Rna�2

ð8Þ
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where
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Therefore, if na=5, â(t) is clearly given by solving the

linear system (8). For higher na’s, a parameterization of
a(t) satisfying (8) is clearly given by

a tð Þ ¼ a� v tð Þð Þ :¼ AT tð Þ A tð ÞAT tð Þ
� ��1

b tð Þ þ K tð Þv tð Þ;

v 2 R na�5ð Þ�2

ð10Þ

where the columns of K(t) form a basis for Ker(A(t)).
Note that A(t) is full rank equal to 5 as na 55 and
therefore, the first term in the r.h.s of (10) is nothing but
the minimum-norm solution of the linear system
A(t)a(t)=b(t).
The estimated profile at instant t is then given by
C t; x; t� TO;B �ð Þa� v̂ tð Þð Þð Þ where v̂ tð Þ is given by

v̂ tð Þ:¼Arg min
v2R2 na�5ð Þ

X
�2 0;Lf g

C t; �; t�TO;B :ð Þa� vð Þð Þ
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Note that the dimension of the decision variable v̂(t)
in (11) is 2(na �5) instead of 2na for the original
unknown vector â(t).
The above formulation offers the possibility for the

designer to choose the quality of the approximation
used to compute the estimated profiles at each instant t.
High values of na theoretically lead to better estimation
whenever the higher dimensional associated nonlinear
optimization problem is correctly solved. Note that the
choice na=5 corresponds to a free-optimization estima-
tion since in this case, â(t) is obtained by a simple solu-
tion of the linear system (8).
The preceding development explains how an estima-

tion Ĉ(t, x) may be obtained using the past measure-
ments Y0(t) and YL(t). The question is how to use the
above computation scheme in an on-line estimation
context (see Fig. 3).
Note that estimation profiles cannot be available

before the instant t0+�tc where t0 > (NO �1)
 and �tc
is the computation time needed to solve the optimiza-
tion problem (11). Indeed, (NO �1)
 instants are first
Fig. 3. The on-line observation scheme.
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required to construct the measurement vectors Y 0(t0)
and YL(t0) then �tc time units are needed to solve the
optimization problem. Therefore, at instant t0+�tc, an
estimation Ĉ(t0+�tc, .) is obtained. This estimation is
used during the computation time (based on the upda-
ted measurement vectors Y 0(t0+�tc) and Y

L(t0 + �tc))
to continuously obtain an estimation Ĉ(t, .) for t 2

[t0+�tc, t0+2�tc] and so on.
To sum up, the estimation is obtained continuously

based on the estimation Ĉ(tk, .) where tk=t0 + k�tc.
The estimation Ĉ(tk,) is updated with a period �tc.
4. Numerical experiments

In order to validate the proposed observer, numerical
simulations of a SMB’s section are necessary in order to
obtain the ‘‘True profiles’’ that are compared to the
estimated ones. This is done using the subroutine
DMOLCH of the IMSL library. This is a general one-
dimensional nonlinear PDE’s solver. The numerical
values of the systems parameters used in the simulation
are given in Table 1. The evolution of the concentra-
tions Cin(.) at the section’s inlet vs time is depicted in
Fig. 4. Note that for t<200 s, a simple step is con-
sidered, then a wave is created by imposing a decreasing
step. This enables a validation of the proposed observer
in a somehow ‘‘difficult’’ situation.
When na>5, nonlinear optimization problem (11) has

been solved using the subroutine DBCPOL of the IMSL
libraries. Zero-phase forward and reverse digital filtering
is first applied to the noisy measurements. Then, the
spline interpolation and smoothing subroutine DCSIEZ
has been applied to the filtered measurements for the
computation of the time-derivatives S(1)(Y 0(t)) and
S(1)(YL(t)) necessary to the construction of the linear
system (8). A PC-Pentium 600 Mhz has been used and
numerical algorithms have been written in digital

fortran 90.
The functional basis used in the definition (7) of

approximate profiles is defined as follows

B xð Þ :¼ exp ��1x=Lð Þ . . . ; exp ��nax=L
 � �

2 R1�na

where the �k’s are given by

8k 2 1; :::; naf g �k :¼
k� 1ð Þ�max

na � 1
; �max ¼ 10

This choice may be justified by its compatibility with
the right-hand boundary conditions and the form of the
transient solutions to the system’s Eq. (1). The choice of
exponential functional basis compared to sinusoidal or
polynomial functional basis is motivated by the stiffness
of the frontwave. A large value of �max corresponds to
stiff variations of the concentration. Also, the �k’s could
be optimized as well as the weights but this would
increase too much the optimization time.
Noisy measurements have been simulated using the

following representation of the relative errors repre-
sentation of the form

ym tð Þ ¼ 1þ "n tð Þð Þy tð Þ ð12Þ

where n(t) 2 [�1, 1] is a random number while "=0.05
(see Fig. 5).
Several scenarios have been tested corresponding to

either stiff rises or stages and for different values of na 2
{5, . . ., 8} and NO 2 {10, 20, 30}. Sampling time 
=5 s
has been used. From these simulations, it can be inferred
that an execution-time of�tc�5 s is typical when na=6 is
used, while�tc �12 s and�tc �20 s are typical values for
the cases na=7 and na=8 respectively. Recall that for the
Fig. 4. Time evolution of cinj at the section’s inlet.
Table 1

Numerical values for simulation [3]
Parameter
 Value
 Unit
 Parameter
 Value
 Unit
"
 0.45
 –
 �
 0.008
 g/(cm s)
KA
 0.56
 –
 �
 1
 g/cm3
KB
 0.23
 –
 Rp
 0.0011
 cm
L
 47.5
 cm
 u
 0.0432
 cm/s
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particular case na=5, computations are quasi instanta-
neous since only a linear system solution is invoked.
Due to the lack of space and in order to demonstrate

the quality of the estimation, only the ‘‘worst’’ results
corresponding to a wave being propagating along the
section is shown in Figs. 6 and 7 for free-noise (Fig. 6)
and noisy measurements (Fig. 7), respectively. The cor-
responding estimation windows is precisely [212 s; 362 s].
It is worth recalling that the ‘‘true profiles’’ depicted

in Figs. 6 and 7 by continuous lines are obtained by
Fig. 5. Measurement noises used in (12) with "=0.05.
Fig. 6. Estimation based on free-noise measurement for na 2 {5,6,7,8} and t�TO=212 s.
Fig. 7. Estimation based on noisy measurement na E {5, 6, 7, 8} and t�TO=212 s.
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integrating the system equations by a direct PDE’s sol-
ver with 100-points spatial grid and not by using a
collocation method based on the na-dimensional func-
tional basis B(x). Note finally that the estimated profiles
under noisy measurements shown in Fig. 7 are smooth
since they represent ‘‘shots’’ at a particular instant and
not an evolution (in time) of some estimated variable
under noisy measurements as it is usually presented in
ODE’s related observers.
5. Conclusion

In this paper, an estimation scheme is proposed for
the reconstruction of the concentration profiles in a
simulated-moving bed based on concentration mea-
surements at the four sections boundaries. The pro-
posed scheme belongs to the family of receding-horizon
formulations in which the optimal estimated profile is
obtained by minimizing the sum of the squared output-
prediction errors at past sampling instants.
A nice feature in the proposed estimation approach is

its ability to handle any nonlinear isotherm equilibrium
leading to strongly coupled and strongly nonlinear
PDE’s. When such strong nonlinearities appear, linear-
ization based estimation scheme (the EKF for instance)
may theoretically show their limits. Furthermore, the
principle is immediately transposable to multi-compo-
nent chromatographic processes.
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