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Abstract

In this paper, a new formulation of constrained stabilizing receding-horizon control is proposed. This formulation is based on the use
of open-loop steering path generators. The open-loop optimization problem associated to the proposed receding-horizon formulation is
scalar in which the optimization variable is the prediction horizon length. Stability is proved in a sampling control scheme. A simple
example is given to illustrate the main concepts.
? 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Receding horizon control has been 4rst recognized as a
powerful approach to stabilize nonlinear systems by Keerthi
and Gilbert (1988), for discrete-time nonlinear systems and
at roughly the same time by Mayne and Michalska (1990)
and Michalska and Mayne (1991) for continuous-time non-
linear systems. Since, lots of works have been done to in-
vestigate further results in discrete-time framework (Magni,
De Nicolao, & Scattolini, 1998; Alamir & Bornard, 1994,
1995b), robustness (De Nicolao, Magni, & Scattolini, 1996;
Blauwkamp & Basar, 1999; Yugeng & Xiaojun, 1999;
Michalska & Mayne, 1993; Alamir & Bornard, 1995a),
discontinuous state feedback formulations (Meadows,
Henson, Eaton, & Rawlings, 1995; Michalska, 1995;
Marchand, Alamir, & Balloul, 2000), free 4nal time for-
mulations (Michalska, 1997), real time implementability
(Ohtsuka & Fujii, 1997; Ohtsuka & Ohata, 1997; Binder
et al., 2001), inverse optimality (Magni & Sepulchre, 1998)
and hybrid systems related formulations (Parisini & Sacone,
1999). It goes without saying that an exhaustive study of
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existing works is beyond the scope of this brief paper. Inter-
ested readers may consult the excellent recent survey papers
(Mayne, Rawlings, Rao, & Scokaert, 2000; Allgower,
Badgwell, Qin, Rawlings, & Wright, 1999; Binder et al.,
2001).
Beyond the diHerences in the open-loop optimization

problem’s formulations, classical formulations share a com-
mon feature, namely, the computational diJculty associ-
ated to the solution of the open-loop optimization problem.
While earlier works used 4nal state equality constraint to
insure stability, it is now widely admitted that when opti-
mality is an issue, exact 4nal equality constraints on the state
are to be supplanted by a combination of less restrictive in-
equalities and weighting terms (see for example Michalska
& Mayne, 1993; De Nicolao, Magni, & Scattolini, 1998;
Chen & Allgower, 1998; Magni, De Nicolao, Magnani, &
Scattolini, 2001; Fontes, 2001; Parisini & Zoppoli, 1995;
De Nicolao et al., 1996) giving rise to more robust stabi-
lization results associated to easier computations. The aim
of the present paper is to show that when only stabilization
is addressed, formulations with 4nal state constraint may
be of particular interest.
The starting point of this paper lies in the fact that for

a wide class of nonlinear systems, open-loop trajectories
that steer the system to the origin can be easily generated
by exploiting the particular structure of the system (Alamir
& Marchand, 1999; Marchand & Alamir, 2003; van
Nieuwstadt & Murray, 1998). As an example, in the case

0005-1098/$ - see front matter ? 2003 Elsevier Ltd. All rights reserved.
doi:10.1016/j.automatica.2003.11.010

mailto:mazen.alamir@inpg.fr


648 M. Alamir / Automatica 40 (2004) 647–652

of the spacecraft in failure mode, the problem amounts
to solve 2 nonlinear equations in 2 unknowns (Alamir &
Boyer, 2003; Marchand & Alamir, 2003). This fact may
question the pertinence of the now widely spread idea ac-
cording to which formulations with 4nal state constraint are
to be unconditionally avoided.
It is worth noting that the approach proposed in this pa-

per is particularly dedicated to the nonlinear stabilization
problem. This problem is still a hard task in many cases, es-
pecially in the case of nonlinear under-actuated mechanical
systems. The counterpart of the fast computation associated
to the new formulation proposed in this paper is the loss of
optimality and the absence of state-related constraints han-
dling. These two features are ones of the more attractive
features in nonlinear predictive control schemes.
The question is then the following: How to use a pow-

erful open-loop path-generation procedure to construct a
stabilizing state feedback?
This question is related to a currently active research

activity in the nonlinear control community concerning
the links between controllability and stabilizability (see
for example Clarke, Ledyaev, Sontag, & Subbotin, 1997;
Marchand & Alamir, 2000). This paper proposes a set of
suJcient conditions enabling an open-loop path-generation
procedure to be used to construct a stabilizing state feedback.
This leads to a receding-horizon scheme with the following
properties: (1) The search space over which the open-loop
optimization problem is de4ned is one-dimensional. The
optimization variable being the horizon length. (2) The state
feedback law considered in this paper is de4ned in a sam-
pling scheme. This dramatically simpli4es the proof since
solutions are de4ned in the classical sense without need to
invoke diHerential inclusions or solutions in Filippov sense.
(3) Since no Lipschitz condition is a priori required, only
semi-global stabilization result is obtained.
This paper is organized as follows. First, some de4nitions,

notations and preliminary results are given in Section 2.
Section 3 presents the main results of this paper while an
illustrative example is proposed in Section 4.

2. De�nitions and preliminary results

Let us consider nonlinear systems of the form

ẋ = f(x; u); x∈Rn; u∈U ⊂ Rm; (1)

where U is a convex and compact subset of Rm and f is
continuous. In what follows, S(t; x0; u(:)) denotes the so-
lution of (1) at instant t starting from the initial condition
x(0) = x0 and under the control pro4le u. For all r ¿ 0,
QB(0; r) denotes the closed ball of radius r centered at the
origin while U[0; tf] is used to designate the set of functions
de4ned on [0; tf] with values in U. Finally, given any sub-
setS of an Euclidean space, (S) denotes the radius ofS,
namely supx∈S ‖x‖.

The dynamical system (1) is supposed to meet the fol-
lowing assumption:

Assumption 1. For all �¿ 0, and all piece-wise continuous
control pro4le u(:) entirely contained in U:

lim
‖x‖→∞

‖S(�; x; u(:))‖=∞:

Assumption 1 simply stipulates that nonzero states cannot
be steered in4nitely fast to the origin with saturated control.
This assumption may exclude some particular systems with
backward 4nite escape time.

De�nition 1 (Admissible parameterization of open-loop
control pro4les). A mapping U : R+ × Rn × R+ → Rm is
said to be an admissible control parameterization map for
system (1) if the following conditions hold:

(1) U is continuous in its arguments.
(2) There is a map Q� : Rn → R+ and some �¿ 0, such that

U(:; x; Q�(x))∈U[0; Q�(x)] and

‖S( Q�(x); x;U(:; x; Q�(x)))‖6 � (2)

furthermore, Q�(:) is bounded over bounded sets and
such that limx→0 Q�(x) = 0.

(3) For all �¿ 0; x∈Rn and all �16�; if x�1ol is de4ned by

x�1ol (x; �) := S(�1; x;U(:; x;�)) (3)

then, the following holds for all �∈ [0; �− �1]:

U(�; x�1ol (x; �);�− �1) =U(�1 + �; x;�): (4)

Remark 1. Assumption (2) is rather restrictive when Q�(:)
is supposed to be de4ned over all Rn. Indeed it assumes
that however far the initial state may be, it can be steered
close to the origin using bounded controls. This is clearly
unrealistic for general nonlinear systems. This is the reason
why this assumption is relaxed in Corollary 1 to yield a
more natural assumption. At the time being, this assumption
is maintained for simplicity of exposition.
As for Assumption (4), it is a kind of transitivity condition

recalling the Bellman’s principle. It only states that when
interrupting an open-loop trajectory at some state x�1ol , the
parameterized open-loop control starting from x�1ol and with
as parameter the remaining delay �− �1 is nothing but the
remainder of the original one.

Lemma 2. Assume that an admissible control parameteri-
zation mapU exists for system (1) then the following func-
tion is well de;ned for all �¿ 0 and all compact sets X
containing the closed ball QB(0; �):

�̂(x;X) := Argmin
�¿0

’(�; x)

under g(�; x)∈X and U(:; x;�)∈U[0;�]; (5)

where

’(�; x) := ‖S(�; x;U(:; x;�))‖2 + �� (6)

and

g(�; x) := S(�; x;U(:; x;�)): (7)
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Proof. This immediately comes from the fact that the min-
imized function is continuous in � and that, according to
Assumption (2), � = Q�(x) is always an admissible value
with as corresponding cost �2 + � Q�(x). Therefore, the op-
timization problem (5) admits the same solution than the
following one:

�̂(x;X) := Arg min
�∈C(x;X)

’(�; x);

where C(x;X) is the non-empty compact set de4ned by
C(x;X) := {�¿ 0 s:t: ’(�; x)6 �2 + � Q�(x), g(�; x)∈X
and U(:; u;�)∈U[0;�]}.

Remark 3. It is very important to note that X needs not
to be a small neighborhood around the origin, it is even
unnecessary that the radius of X be strictly lower than the
norm of the initial state x.

De�nition 2 (De4nition of the feedback law). Assume that
U is an admissible control parameterization map for system
(1). Let be given a compact set X containing the closed
ball QB(0; �). Let �¿ 0 be some sampling time. Consider
the following dynamic state feedback (where for any inte-
ger k; v(k) is used to designate v(k�) for any time-varying
quantity v)

�(k) = max{�; �̂(x(k);X)}; (8)

u(k� + �) =U(�; x(k);�(k)); 06 �6 � (9)

namely, � is a controller’s internal state whose evolution in
time is piece-wise constant with (8) as updating rule.

3. Main result

In this section, a state feedback is said to stabilize an
�-neighborhood of the origin if it stabilizes some neighbor-
hood of the origin contained in QB(0; r(�)) with r(�)=O(�).

Theorem 1 (Main result). Assume that an admissible pa-
rameterization map U exists for system (1). For all com-
pact sets X ⊂ Rn containing the closed ball QB(0; 2�), there
is su<ciently small �¿ 0 and �¿ 0 such that the feedback
given in De;nition 2 asymptotically stabilizes (in the Lya-
punov sense) an �-neighborhood of the origin with controls
that remains in U and this for all initial states that belong
to X.

Proof. It will be proved that V (x) := ’(�̂(x;X); x), where
’(:) is given by (6)–(7) is a suitable Lyapunov function for
the stabilization problem under consideration for suJciently
small �¿ 0 and for all �¿ 0 satisfying

�6
�2

supx∈ QB(0;(X)+1)
Q�(x)

: (10)

• Note 4rst that V is continuous being the minimum of a
continuous function over compact sets. It is also proper
in x in the sense that lim‖x‖→∞ V (x) = ∞ thanks to
Assumption 1. Furthermore, V (0) = 0.

• For all x∈X, one has according to Assumption (2):

V (x)6 �2 + � sup
x∈X

Q�(x)=: QV (X): (11)

• Let QX denote the following compact set:
QX := {x∈Rn |V (x)6 QV (X)}: (12)

• If it can be proved that for suJciently small �¿ 0; V (x(:))
is nonincreasing over closed-loop trajectories that remain
in QX then, by induction based on the de4nition of QX, it
can be stated that for such �’s, all closed-loop trajectories
starting in X are entirely contained in QX and hence, cor-
responding Lipschitz-like constants can be used. (Such
constants are necessary to introduce M1(X) and M2(X)
hereafter.)

• Let us then consider xcl(:) to be a closed-loop trajectory
entirely contained in QX and let us prove that V (xcl(:)) is
nonincreasing for suJciently small sampling time �¿ 0.

• Consider a time interval [k�; (k + 1)�] such that
�(k�)¿ �. Consider, in accordance with the notation of
De4nition 1, the open-loop trajectory x�ol(x(k�); �(k�))
for �∈ [0; �]. It is then an immediate consequence of (4)
and the very de4nition of the feedback law that for all
�∈ [0; �[ and as long as �(k�)¿ �

V (x�ol(x(k�); �(k�)))6V (x(k�))− �� (13)

since for all �∈ [0; �]; �(k�) − � is a candidate admis-
sible sub-optimal solution of ming(�;x�ol)∈X ’(�; x�ol) with
V (x(k�))−�� as corresponding sub-optimal cost. Now, by
de4nition of the inter-sampling feedback law, one clearly
has

xcl(k� + �) = x�ol(x(k�); �(k�)); ∀�∈ [0; �[:

This with (13)

V (xcl(k� + �))6V (x(k�))− ��

whenever �(k�)¿ �: (14)

• Therefore, a closed-loop trajectory that starts in X re-
mains in QX at least as long as �(k�)¿ � and moreover,
it satis4es inequality (14).

• But inequality (14) clearly shows that �(k�) cannot re-
main inde4nitely¿ �. Therefore, there is k0 ∈N such that
�(k0�)=�0 with �0 satisfying the following conditions:

�0 ¡�; (15)

‖S(�0; x(k0�);U(:; x(k0�);�0))‖2 + ��0

6 �2 + � Q�(x(k0�)); (16)

S(�0; x(k0�);U(:; x(k0�);�0))∈X: (17)

Indeed, (16) holds because Q�(x(k0�)) is a sub-optimal
solution while (17) holds by de4nition of the constrained
optimization problem (5) de4ned at x(k0�).
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• Therefore, S(:; x(k0�);U(:; x(k0�);�0)) is a system tra-
jectory under bounded control over a time interval of
length lower than � with end-point lying in X. Hence,
there is M2(X) such that (see (16))

‖x(k0�)‖26 �2 + � Q�(x(k0�)) +M2(X)�: (18)

Therefore, for suJciently small �, one has x(k0�)∈ QB(0;
(X)+1) which, with (18) and (10) yields ‖x(k0)‖26 4�2.
In particular, x(k0�)∈ QB(0; 2�) ⊂ X ⊂ QX.

• To sum up, for suJciently small �¿ 0, every closed-loop
trajectory that starts in X remains in QX and the use of
Lipschitz like constants over QX is a posteriori justi4ed.
Furthermore, x(k) enters QB(0; 2�) after a 4nite time and
therefore, the semi-globally stabilized �-neighborhood of
the origin is readily given by{
x∈Rn|V (x)6 �2 + sup

‖x‖62�

Q�(x)

}
:

As it is mentioned in Remark 1, Condition (2) in the
de4nition of admissible control parameterization needs to
be relaxed. The following is a straightforward corollary of
Theorem 1.

Corollary 1. If, in De;nition 1 of admissible control pa-
rameterization, Condition (2) is replaced by the following
condition:
There is a map Q� : C ⊂ Rn → R+ [where C is an open

bounded set containing the origin] such that

‖S( Q�(x); x;U(:; x; Q�(x)))‖= 0

and

U(:; x; Q�(x))∈U[0; Q�(x)]

furthermore, Q�(:) is bounded over bounded sets and such
that limx→0 Q�(x) = 0.
Then there is a compact setXw.r.t which the semi-global

stabilization result of Theorem 1 holds with �=0. Further-
more: (X) → ∞ when (C) → ∞.

Proof. It is suJcient to prove that there is a compact set X
such that the corresponding QX [see (12)] is contained in C
that is

{x∈Rn |V (x)6 QV (X)} ⊂ C; (19)

where

QV (X) := � sup
x∈X

Q�(x) (20)

but (X := QB(0; �); �¡�=2) is clearly a suitable choice
whenever �¿ 0 is such that

 (�) := � sup
‖x‖6�

Q�(x)¡ min
x∈@C

V (x) = 0 (21)

such �¿ 0 clearly exists since Q�(x) → 0 when x → 0.
[Note that minx∈@C V (x) = 0 is implied by the de4nition
of V (x) because minx∈@C ‖x‖=: (C) = 0 and states such

that ‖x‖¿ (C) cannot be steered to 0 in4nitely fast with
bounded control].
Now when (C) goes to in4nity, the r.h.s of (21) does

the same (V is proper) and since Q�(:) is bounded over
bounded set, this means that one can take � := (X) going to
in4nity.

4. Illustrative example: Kawski’s system

Let us consider the following system proposed by Kawski
(1990):

ẋ1 = u; ẋ2 = x2 − x31 ; u∈ [− Qu; Qu]: (22)

It will be 4rst shown that system (22) meets the requirements
of Assumption 1. For, let�¿ 0 be some 4xed horizon length
and let u(:) be any bounded admissible control pro4le. It is
then clear that

lim
|x1(0)|→∞

‖S(�; x(0); u(:))‖¿ |x1(0)| − | Qu"| → ∞:

Therefore, to prove that Assumption 1 holds for the
Kawski’s system, one has to prove that given any bound
¿ 0 on the initial state x1(0), the following holds:

lim
|x2(0)|→∞;|x1(0)|6

‖S(�; x(0); u(:))‖=∞ (23)

which is clearly true since as soon as |x2(0)| be-
comes greater that 3, the future system’s trajectory
is such that |x2(t)|¿ |x2(0)| for all t ¿ 0, therefore
‖S(�; x(0); u(:))‖¿ |x2(0)| → ∞ when x2(0) → ∞.
Therefore, Assumption 1 holds for the Kawski’s
system (22).
The de4nition of U(�; x0;�) is obtained using the

following steps:

(1) Let us 4rst decide to search for an open-loop control of
the form

u(�) := a+ b�+ c�2; �∈ [0; �] (24)

such that the open-loop trajectory satis4es

u(�) = S1(�; x; u(:)) = S2(�; x; u(:)) = 0:

(2) The 4rst two constraints u(�) = S1(�; x; u(:)) = 0 lead
to:(

a

b

)
=

(
1 �

1 �
2

)−1 [(
0

−x1=�

)
−
(

1
1
3

)
�2c

]

(25)

which is well de4ned for all �¿ �¿ 0.
(3) With (25) in hand, the control is function of the only

c. Consider then the scalar equation (de4ned for 4xed
x and �¿ �) giving the 4nal state x2

F2(c) := S2(�; x; u(:)) = 0

and denote its solution by ĉ(x; �).
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Fig. 1. Simulation results for: � = 0:02, � = 0:001, X := [− 2; 2]2 and diHerent admissible control levels Qu∈{2; 3}.

(4) The parameterization is then completely de4ned for all
�¿ � by

U(�; x;�) := a+ b�+ ĉ(x; �)�2; (26)(
a

b

)
:=

(
1 �

1 �
2

)−1

×
[(

0

−x1=�

)
−
(

1
1
3

)
�2ĉ(x; �)

]
: (27)

(5) As for �¡�, take U(�; x;�) := U(�; x; �).

It is then clear that for a given saturation level Qu, there is a
bounded set of initial states [C in Corollary 1] such that the
resulting open-loop control de4ned by U(�; x;�) satis4es
the saturation constraint for suJciently high �¿ 0. There-
fore, Condition (2′) of the de4nition of admissible control
parameterization invoked in Corollary 1 holds. Moreover,
since polynomial open-loop pro4les are used, Condition (4)
is a direct consequence of the fact that any portion of a poly-
nomial trajectories is a polynomial trajectory of the same
degree.
It is important to point out the fact that the possibility of

bringing the problem of admissible control parameterization
to a quite low order problem (one-dimensional here) is not
necessarily linked to the simplicity of the Kawski’s system
considered here. It can be shown that the same can be done
for much more complicated systems such as the satellite in
failure mode (6 states, 2 controls), the ball and beam ex-
ample (4 state, 1 control), the inverted pendulum and many
other systems (see Alamir & Marchand, 1999; Alamir &
Boyer, 2003; Marchand & Alamir, 2003). Indeed, in these

last three examples, the parameterization reduces to the so-
lution of 2 nonlinear equations in 2 unknowns. Showing this
however would be longer to explain compelling the use of
a simple example here for pure illustrative purposes.
In the following simulations, the following 4rst order in-

terpolation scheme has been used to implement the feedback
law (9) for 06 �6 �:

u(k� + �) =
(
1− �

�

)
U(0; x(k);�(k))

+
�
�
U(�; x(k);�(k)):

Fig. 1 shows the closed-loop behavior in two cases. The 4rst
with the control saturation Qu=2 and the second with Qu=3.
The set X used in the de4nition of the optimal control (5)
is taken equal to X := [ − 2; 2]2. Note how the state feed-
back control is automatically adapted to meet the saturation
constraint leading to a faster stabilization time when higher
admissible control level Qu allows it. As for the choice of the
control parameter �¿ 0, experience shows that its value’s
choice is not critical since many diHerent values have been
successfully used. Note 4nally that the “nervous” behav-
ior of the closed-loop control near the control limit is most
probably due to numerical stopping criteria in the scalar
optimization problem solver.

5. Conclusion

In this paper, a new stabilizing receding-horizon con-
trol formulation is proposed. This formulation is based on
open-loop path generation parameterization. The stabiliz-
ing result is given in a sampling control scheme leading to
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semi-global stabilization. The formulation proposed in this
paper is particularly adapted to systems for which the gen-
eration of open-loop steering trajectories is easy to obtain.
It gives a theoretical framework to use such trajectory gen-
erators to construct stabilizing state feedback.
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