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Abstract

In this paper, a state feedback law that yields a sub-optimal solution of the minimum interception time problem is proposed.
Sub-optimality is de"ned over the potential interception times that correspond to the system-compatible parabolic trajectories. Such
trajectories are computed at each sampling instant and the whole procedure is reiterated in a receding horizon manner yielding
a piece-wise continuous dynamic state feedback law. Simulations were proposed and the robustness was tested against the modelling
errors. ( 2001 Elsevier Science ¸td. All rights reserved.
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1. Introduction

In this paper, a feedback guidance law that leads to
a sub-optimal solution of the minimum interception time
problem is proposed. The di$culty in solving this prob-
lem stems from the fact that it corresponds to a nonlinear
two-point boundary-value problem (TPBVP) that is
hard to solve in real-time onboard con"gurations.

Several solutions have been proposed to derive simpler
formulations of this optimal control problem. In Cheng
and Gupta (1985) and Menon and Briggs (1990), singular
perturbation technique is used to decouple the corre-
sponding equations using arguments based on time
scaling.

Another way to derive sub-optimal solutions for the
above problem is to use a database of linear quadratic
solutions de"ned around trajectories that have been
memorized beforehand (Imado & Kuroda, 1990, 1992).
Despite the large memory requirement needed for such
an approach, the exhaustiveness of such a database is
di$cult to ensure.

Solutions based on coordinates transformation and
linearization have been proposed. In Rusnak (1996), the

optimal guidance law is developed in polar coordinates
through the decomposition of the underlying optimal-
control problem into two decoupled-optimal-control
problems. A closed-form control solution is available in
the radial direction and a time-varying linear dynamic
system is solved for control in the transverse direction.

More recently, Dougherty and Speyer (1997) proposed
an iterative algorithm that gives a sub-optimal solution
to the TPBVPs ordinary di!erential equations that result
from the maximum principle. The in#uence of the uncer-
tainty on the aerodynamic coe$cients is then studied.

In Song and Tahk (1998) and in the preceding work,
they proposed an approach that identi"es the optimal
feedback using neural-network approximations. In these
works, the nonlinear function solution of the optimal-
control problem (here maximal terminal-velocity under
interception constraint) are identi"ed based on the o!-
line solution of the same problem for several scenarios
using initial conditions for both the target and the mis-
sile. While conceptually attractive, this solution may
present some drawbacks when applied outside the space
domain used in the neural-network learning.

The starting point of the approach proposed in this
paper lies in the following question:
`Is it clear that an approximated solution of the exact

equations representing the necessary conditions for opti-
mality is better than an exact solution of some a priori
sub-optimal requirement?a.
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Fig. 1. De"nition of H(t,X(t))
tf

( ) ).

Table 1
Aerodynamic coe$cients values vs. Mach number

M C
La

C
D0

k

0.2 9.31 0.242 0.110
0.8 7.65 0.211 0.135
0.93 7.73 0.255 0.134
1.05 9.74 0.406 0.108
1.3 10.03 0.444 0.108
1.6 9.28 0.370 0.116
2.4 9.02 0.254 0.120
3.5 8.02 0.190 0.134
5.0 7.16 0.149 0.153

The legitimacy of the above question increases when
one takes into consideration the unavoidable uncertain-
ties about the values of the aerodynamic coe$cients as
well as the future motion of the target.

Based on the idea above, this paper proposes a simple
and intuitive way to de"ne a sub-optimal problem of the
exact minimum-interception time problem that is easy to
solve. The solution of the sub-optimal problem is then
used in a receding horizon manner to yield a feedback
law.

More precisely, sub-optimality is achieved from the
fact that one searches for the minimum interception time
in the scalar space of interception times that are de"ned
over system-compatible parabolic trajectories. System-
compatible parabolic trajectories are parabolic trajecto-
ries in the (x, h) plane that pass through the actual
position of the missile and the target's position at the
interception instant. They have an initial slope that is
compatible with the initial missile's path angle c (see
Fig. 1 hereafter). Furthermore, compatibility also
includes the feasibility under the control's saturation
constraints.

The reason why such a sub-optimal interception time
(and trajectory) is easy to "nd is that the underlying
equation to be solved is a scalar algebraic one. The
computation of the solution of this resulting equation is
done at the beginning of each sampling period. However,
during the sampling period, the feedback law is de"ned in
order to track the corresponding parabolic interception
trajectory.

In this paper, two procedures are proposed to solve the
underlying scalar nonlinear sub-optimality equation,
yielding two di!erent feedback laws. The real-time imple-
mentability of the resulting feedback laws is investigated
together with their robustness against the modelling
error of the aerodynamic coe$cients.

The paper is organized as follows:
The missile's dynamic equations are described in Sec-

tion 2. Section 3 states the problem under consideration.
The derivation of the feedback law is presented in Section

3 while in Section 4, numerical simulations are proposed
to illustrate the e$ciency of the proposed laws as well as
their robustness against the modelling errors.

2. The Missile's dynamic equations

Consider the classical equations of motion in the verti-
cal plane (x, h). The state of the missile is de"ned by its
four components: the velocity v, the #ight path angle
c and the position coordinates (x, h):

v5 "(¹ cos a!D)/m!g sin a, (1)

c5 "(¸#¹ sin a)/(mv)!
g

v
cos c, (2)

x5 "v cos c, hQ "v sin c, (3,4)

where the aerodynamic moment ¸ and drag force D are
given by

¸"1
2
ov2SC

L
, C

L
"C

La
(a!a

0
), (5a)

D"1
2
ov2SC

D
, C

D
"C

D0
#kC2

L
. (5b)

The experimental values of the parameters C
La

, C
D0

and
k are given in Table 1 as a function of the Mach number
M"M(v, h). Note also that the air density o is a function
of the altitude h, that is o(h)"o

0
exp(!ih/h

0
).

Finally, the missile mass and thrust are a priori given
functions of the time t (see Fig. 4). The angle of attack a is
used as the control variable which should satisfy the
following inequality constraint

a
min

)a)a
max

. (6)

In what follows, the following compact notations are
used

X :"(v, c,x, h)T, P :"(x, h). (7)
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Fig. 2. t
f

is to be chosen such that P
t
(t
f
)"P(t,X(t))

tf
(t
f
).

3. Problem statement

It is assumed that the target's movement is computed
by a ground system and transmitted to the missile during
the mid-course guidance phase. The accuracy of this
information is not explicitly discussed in this paper. The
possible error in predicting the target's movement is
to be naturally `absorbeda by the robustness margin of
the new feedback law.

Therefore, it is assumed that at each instant t (includ-
ing instants t that belong to the near future), the position
of the target is given by some known functions of time

P
t
(t) :"A

x
t
(t)

h
t
(t)B

(the subscript t in the above notation is used to denote
`targeta-related functions).

The aim of this work is to propose a simple and
real-time implementable state feedback law

a"a(t, X)

that corresponds to some sub-optimal solution of the
problem of minimum interception time. Indeed, the com-
putation of the exact feedback optimal solution of the
constrained free "nal time optimal-control problem
above may not be suitable for real-time implementation
requirements. The key point is then to exploit particular
features to derive a simple `heuristica feedback algo-
rithm.

4. Derivation of the feedback law

4.1. Basic idea

The key point to note is that the #ight path angle c is
`easilya controlled by a. This is true at the beginning
because of the higher values of the thrust ¹ enabling c to
be controlled using the term ¹ sin a. When the thrust

stops, it is the aerodynamic term ¸"1
2
ov2SC

L
that be-

comes high enough (because of v2) to control c. Simple
computation of the relative importance of the di!erent
terms of (2) during the di!erent phases enables the above
statements to be strengthened. (Examination of the pro-
posed simulations at the end of this paper is another way
to check them.) This is especially true when system-
compatible trajectories are to be tracked.

Based on the above fact and taking into account that
constraint (6) yields small admissible values for a. Eq. (2)
enables one to de"ne the following feedback law for each
reference pro"le on c, say c

ref
(t):

a(c
ref

( ) ), X, t)"

Satamax

amin G
1
2
ov2SC

La
a
0
#mv[c5

ref
!k(c!c

ref
)]#mg cos

¹#1
2
ov2SC

La
H,

(8)

where Satamaxamin
M ) N is the saturation function given by

Satamaxamin
MaN :"G

a
min

if a)a
min

,

a
max

if a*a
max

,

a otherwise.

(9)

Note that (8) depends explicitly on t because of the
varying quantities m(t) and ¹(t). Note also that in the
absence of saturation, and under the approximation
sin(a)+a, the feedback law (8) forces the tracking error
e(t)"c(t)!c

ref
(t) to satisfy

e5 (t)"!ke(t), k'0.

Therefore, at each instant t, a suitable state-dependent
reference trajectory

c(t,X(t))
ref

(X( ) )) (10)

is computed (see Section 4.2) based on the present state
X(t) of the missile and the predicted movement of the
target. Now, injecting (10) into (8) yields the time-varying
feedback law

a(c(t,X(t))
ref

(X( ) )),X( ) ), ) ). (11)

The whole procedure is then implemented in a receding
horizon manner (Keerthi & Gilbert, 1988; Mayne
& Michalska, 1990; Michalska & Mayne, 1991; Alamir
& Bornard, 1994). More precisely, a sampling period
¹'0 is "rst de"ned (¹ is often omitted in order to
simplify the expressions. Namely, k is used to designate
k¹ while X(k) stands for X(k¹)). Then the following
receding horizon piece-wise continuous state feedback is
applied over the time interval [k¹, (k#1)¹]:

a(c(k,X(k))
ref

(X( ) )), X( ) ), ) ), over [k¹, (k#1)¹]. (12)
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Fig. 3. Updating rule for tK
f
(k) in Procedure 2.

Note that in (12), the function c(k,X(k))
ref

( ) ) is computed
at (k¹,X(k¹)) and the same state-dependent relation
c(k,X(k))
ref

(X) is maintained over the time interval [k¹,
(k#1)¹]. This is done for real-time implementation
requirements since the computation of the function
c(k,X(k))
ref

( ) ) may be relatively heavy (in comparison with
some given analytical expressions).

At instant (k#1)¹, a new function

c(k`1,X(k`1))
ref

(X( ) ))

is computed and the whole procedure is repeated. Section
4.2 is dedicated to explain how the reference trajectory
c(t,X(t))
ref

( ) ) is generated in order to meet the sub-optimal
time-interception requirement.

4.2. Dexnition of c(t,X(t))
ref

( ) )

f Let t and X(t) be given. These are "xed throughout the
following sequel.

f For all t
f
't, let P

t
(t
f
) be the predicted position of the

moving target and let H(t,X(t))
tf

(x) be the unique parab-
ola that satis"es the following conditions (see Fig. 1):

H(t,X(t))
tf

(x(t))"h(t), (13a)

H(t,X(t))
tf

(x
t
(t
f
))"h

t
(t
f
), (13b)

dH(t,X(t))
tf
dx

(x(t))"tan(c(t)), (13c)

in other words, H(t,X(t)
tf

(x) is the unique parabola in the
plane (x, h) that passes through the points P(t) and
P
t
(t
f
) and has the slope tan(c(t)) at P(t). This can be

written as follows:

H(t,X(t)
tf

(x) :"a(t,X(t))
2

(t
f
)x2#a(t,X(t))

1
(t
f
)x#a(t,X(t))

0
(t
f
),

(14)

where the expressions of the a(t,X(t))
i

(t
f
) are given by

Eqs. (A.1a)}(A.1c) (see Appendix A).
f The state-dependent reference trajectory c(t,X(t))

ref
(X) to

be de"ned will be of the following form:

c(t,X(t))
ref

( ) ) :"A tanA
dH(t,X(t))

tf
dx

( ) )B (15)

for some convenient choice of the xnal time t
f
. The

remainder of this section explains this choice of t
f
.

f Note that the parabola above represents a reference
trajectory in the plane (x, h) that is compatible with the
initial conditions (t,X(t)) of the missile. However, it is
not an interception trajectory for an arbitrary choice
of t

f
.

f To understand this, let X(t,X(t))
tf

(q) denote the solution of
(1)}(4) for q't that starts at (t,X(t)) and under feed-
back (8) in which c

ref
and c5

ref
are taken as follows:

c
ref

:"A tan(dH(t,X(t))
tf

/dx( ) ))

"A tan(2a(t,X(t))
2

(t
f
)x#a(t,X(t))

1
(t
f
)), (16a)

c5
ref

:"
1

1#(dH(t,X(t))
tf

/dx)2

d2H(t,X(t))
tf

dx2
x5

"

2a(t,X(t))
2

(t
f
)v cos(c)

1#(2a(t,X(t))
2

(t
f
)x#a(t,X(t))

1
(t
f
)2

(16b)

in other words, let X(t,X(t))
tf

(q) be the closed-loop traject-
ory when the feedback is designed to follow the parab-
ola H(t,X(t))

tf
in the plane (x, h). (Note that this may be

done without violating the constraints on the control
a since the trajectory is chosen to be compatible with
the missile's con"guration at (t,X(t)).)

f According to the above de"nition, one has (see Fig. 3)

h(t,X(t))
tf

(q)"H(t,X(t))
tf

(x(t,X(t))
tf

(q)) ∀q't. (17)

However, for arbitrarily chosen t
f

there is no reason
to have interception at t

f
, that is (see Fig. 2)

P
t
(t
f
)OP(t,X(t))

tf
(t
f
) in general. (18)

f Owing to (17), in order for t
f

to be an interception
instant, it has to satisfy the following condition:

b(t,X(t))(t
f
) :"P

tf

t

v(t,X(t))
tf

(q) dq

!P
xt (tf )

x(t) C1#A
dH(t,X(t))

tf
dx B

2

D
1@2

dx"0,

(19)

note that (19) states that the length of the curve de"ned
by (17) between q"t and t

f
is equal to the length of

the portion of parabola delimited by the points P(t)
and P

t
(t
f
) which with (17) clearly implies that intercep-

tion occurs at t
f
.
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Fig. 4. Evolution of the mass m(t) and the thrust ¹(t).

f Therefore, all it remains to do is to solve the
equation

b(t,X(t))(t
f
)"0 (20)

in the scalar unknown t
f
. Another way to underline the

basic feature of the proposed approach is to say that
the combination of (8) and (15) enables the open-loop
interception problem (that is later used in a receding
horizon scheme to yield a feedback law) to be para-
meterized by only one parameter, namely t

f
. This

readily simpli"es the generation of the open-loop solu-
tion and hence gives the possibility of implementing it
in a real-time closed-loop receding-horizon con"gura-
tion.

To do this, the two following procedures are proposed.

4.2.1. Procedure P1
Compute b(t,X(t))(t

i
) for an increasing sequence of future

instants t(t
1
(t

2
(2 until a sign inversion is ob-

tained. The solution t
H

can then be obtained by dichot-
omy until some admissible precision is reached. Note
that each computation of b(t

i
, t,X(t)) corresponds to the

integration of the system equations (1)}(4).
According to the procedure P1, the computation of

tK
f
(t,X(t)), solution of (20) is performed by means of

Algorithm 1.

Algorithm 1. The function tK (1)
f

(t,X(t)) for procedure P1
Algorithm tK (1)

f
(t,X(t))

1: Fixed parameters: D'0 (time step),
e'0 ("nal precision)

2: Initialization bQb(t,X(t))(t); t`"t
3: Repeat

(1) t`Qt`#D; b`Qb(t,X(t))(t`)
(2) If b ) b`'0 then bQb` end if

4: Until b )b`(0
5: t

1
Qt`!D; t

2
Qt`; b

1
Qb; b

2
Qb`

6: Do while (t
2
!t

1
)'e

(1) t
c
Q(t

1
#t

2
)/2; b

c
Qb(t,X(t))(t

c
)

(2) If b
1
) b

c
'0 then t

1
Qt

c
Else t

2
Qt

c
end if

7: end do while
8: tK

f
(t,X(t))Qt

c

4.2.2. Procedure P2
The authors believe that the procedure P1 may be

convenient even in the presence of fast real-time compu-
tation requirements. Nevertheless, hereafter, an approxi-
mated version is proposed based on the simple gradient
descent scheme in which the system Eqs. (1)}(4) are to be
integrated only two times at each sampling period (see
Fig. 4).

The principle is still to solve the equation
b(t,X(t))(t

f
)"0 de"ned above. However, the `distributed a

Newton method is used instead of dichotomy. In the
`distributeda Newton method, the Newton method iter-
ations are distributed over the successive sampling peri-
ods. One step is performed at each sampling period.

More precisely, let tK
f
(k) be the adopted solution at

instant k¹. Consider the following updating rule:

tK
f
(k#1) :"

tK
f
(k)#Sat`$tmax

~$tmaxG
!D

b(k,X(k))(tK
f
(k)#D)!b(k,X(k))(tK

f
(k))H, (21)

where D'0 is small time step and dt
max

is some maximal
admissible updating di!erence used to avoid related nu-
merical singularity problems. Note that in the case of
procedure 2, one gets a dynamic state feedback in which
tK
f
(k) represents an internal state of the controller.
The use of the distributed Newton descent implicitly

suggests that function b(k,X(k))( ) ) is convex, over the time
interval of interest at least. It is obviously hard to prove
this intuition in the general case. However, one can easily
admit that for a rather simple target movements, this
might be often true.

4.3. Summary of the feedback design

The above sequel can be summed up as follows.

4.4. Feedback 1

From (8), (16) and Algorithm 1 the feedback law is
de"ned for all q3[0,¹[ by

a(k¹#q,X, k, X(k))"

Satamaxamin G
1
2
ov2SC

La
a
0
#mv[c5

ref
!k(c!c

ref
)]#mg cos(c

ref
)

¹#1
2
ov2SC

La
H,

(22a)

c
ref

(X, k, X(k)) :"A tan(2a(k,X(k))
2

( tK (1)
f

(k, X(k)))x

#a(k,X(k))
1

(tK (1)
f

(k, X(k)))), (22b)
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Fig. 5. Simulation results for target's movement (24) and with exact model and Feedback 1.

c5
ref

(X, k, X(k)) :"

2a(k,X(k))
2

(tK (1)
f

(k,X(k)))v cos(c)
1#(2a(k,X(k))

2
(tK (1)
f

(k, X(k)))x#a(k,X(k))
1

(tK (1)
f

(k, X(k))))2
, (22c)

tK (1)
f

(k,X(k)) Computed by Algorithm 1. (22d)

4.5. Feedback 2

The "rst three equations remain unchanged, the com-
putation of tK

f
however is performed by means of the

controller internal state tK
f
(k), namely, for all q3[0,¹[

a(k¹#q,X, k, X(k))"

Satamaxamin G
1
2
ov2SC

La
a
0
#mv[c5

ref
!k(c!c

ref
)]#mg cos(c

ref
)

¹#1
2
ov2SC

La
H,

(23a)

c
ref

(X, k, X(k)) :"A tan(2a(k,X(k))
2

(tK
f
(k))x#a(k,X(k))

1
(tK

f
(k))),

(23b)

c5
ref

(X, k, X(k)) :"
2a(k,X(k))

2
(tK
f
(k))v cos(c)

1#(2a(k,X(k))
2

(tK
f
(k))x#a(k,X(k))

1
(tK

f
(k)))2

,

(23c)

tK
f
(k#1) :"

tK
f
(k)#Sat`$tmax

~$tmaxG
!D

b(k,X(k))(tK
f
(k)#D)!b(k,X(k))(tK

f
(k))H. (23d)

5. Simulation results

5.1. Model 's parameters

The experimental values for the aerodynamic coe$-
cients are given in Table 1. The evolution of the mass and
the thrust are depicted in Fig. 2. Furthermore, the follow-
ing values are used: S"0.25, a

.*/
"!a

.!9
"!203.

5.2. The target's movement

The two following movements for the target are used:

x
t
(t)"450t, h

t
(t)"7000 (24)

and

x
t
(t)"450t, h

t
(t)"7000#3t2. (25)

5.3. Initial conditions

Consider the following initial state for the missile:

x(0)"0, h(0)"3000, c(0)"!403, v(0)"100 m/s,

(26)

note that the initial values c(0)"!403 are quite penal-
izing when considering the target's trajectory.

5.4. Results using Feedback 1

5.4.1. Simulation parameters
f k"10 (see (22a)).
f Integration time step dt"0.05 for predictive integra-

tion used to compute X(t,X(t))
tf

(and hence b(k,X(k))).
f Time step D"0.5 s and e"0.01 in Algorithm 1.
f Sampling period ¹"0.2 s.

5.4.2. Results
In this "rst set of simulations, the feedback law (22) is

used. Simulation results for target's movement (24) are
presented in Fig. 5. In this "gure, the following features
can be observed:

f the evolution of x-coordinates for target and missile;
f the evolution of h-coordinates for target and missile;
f the evolution of the coordinate di!erences x

t
(t)!x(t)

and h
t
(t)!h(t). It is in this "gure that interception may

be localized in time;
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Fig. 6. Simulation results for target's movement (24) with modelling error and Feedback 1.

Fig. 7. Evolution of predicted interception times tK (1)(k,X(k)) (in sec-
onds) for target's movement (24) and Feedback 1.

f the evolution of path angle c(t);
f the evolution of the control action a(t);
f the evolution of the missile's velocity v(t).

The same results are given in Fig. 6 for the same
target's motion (24) when the controller uses an erron-
eous model. This last one di!ers from the `truea one by
the values of the aerodynamic coe$cients. More precise-
ly, the controller uses the following values:

C@
D0

:"j
1
C

D0
, k@"j

2
k, C@

La
"j

3
C

La
, (27)

where

j
1
"0.8, j

2
"0.6, j

3
"1.25, (28)

namely, a relative error of !20, !40 and 25% are
assumed on C

D0
, k and C

La
, respectively.

The simulations depicted in Fig. 6 show the robustness
of the proposed feedback law and underline the bene"t of
the receding horizon implementation. This can be more
clearly understood in Fig. 7. In this "gure, the evolution
of the predicted interception times tK (1)(k, X(k)) at the
successive sampling instants are compared when an exact
or erroneous model is supplied to the controller. Recall
that in the case of the exact model, tK (1)(k,X(k)) is practic-
ally constant due to the use of Procedure 1. Indeed, in this
case, the quasi exact solution of (20) that does not change
in the absence of disturbances is obtained from the begin-
ning. However, in the case where the model used by the
controller is di!erent from the e!ective one, tK (1)(k, X(k))
are continuously updated since the controller predictions
are di!erent from the e!ective closed-loop trajectory.

Note that since C@
D0

(C
D0

, the air resistance to the
missile's acceleration is lower than in the nominal case.
This explains why the interception time is reduced in the
presence of the modelling errors considered for this
example, and strengthens the quasi-optimal nature of the
proposed law in the sense of interception time.

Figs. 8}10 present the same results as in Figs. 5}7 but
under the following conditions:

f the target's trajectory (25) is used;
f the following coe$cient are used in (27) to de"ne the

modelling errors:

j
1
"1.2, j

2
"0.6, j

3
"1.25. (29)

Note that in this case, the interception time is higher than
in the nominal case since with j

1
"1.2, the air resistance

to the missile acceleration is higher. Again, the proposed
feedback shows good robust behavior that is necessary to
compensate for the drawback of the extrapolating nature
of the target's trajectory. Indeed, the predicted target's
trajectory is to be continuously updated by the ground
system. The above simulations enables one to predict
a good adaptation of the proposed state feedback that
may compensate for the e!ects of the extrapolation
errors.
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Fig. 8. Simulation results for target's movement (25) and with exact model and Feedback 1.

Fig. 9. Simulation results for target's movement (25) with modelling error and Feedback 1.

Fig. 10. Evolution of predicted interception times tK (1)(k,X(k)) in sec-
onds for target's movement (25) and Feedback 1.

5.5. Results using Feedback 2

In this section, the simulation of Feedback 2 are pre-
sented. To do this, the second scenario presented above is

considered. Namely, the target's motion de"ned by (25).
Again, two simulations are proposed. The "rst with the
exact model used by the controller and the second with
the erroneous model de"ned by (27) and (29).

The initial value tK
f
(0)"3 is considered while the para-

meter D"0.1 is used for the updating rule (23d). Finally,
the maximal updating time step dt

.!9
"10 is adopted.

Figs. 11 and 12 show the closed-loop behavior for
exact and erroneous models, respectively. Fig. 13 shows
the evolution of the controller's internal state tK

f
(k) up-

dated using (23d) according to the de"nition of Feedback
2. Note that the quite fast convergence of tK

f
(k) that

enables one to state that the use of this dynamic search
for the solution of (20) gives results that are very close to
those given by the search for an `exacta solution at each
sampling instant.

5.6. Computation times

In this section, computation times of Feedbacks 1 and
2 are compared in order to appreciate their real-time
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Fig. 11. Simulation results for target's movement (25) and with exact model and Feedback 2.

Fig. 12. Simulation results for target's movement (25) with modelling error and Feedback 2.

Fig. 13. Evolution of predicted interception times tK
f
(k) in seconds for

target's movement (25) and Feedback 2.

implemention. It is clear that the computation time of the
key tasks to be considered is the evaluation of tK (1)(k, X(k))
in Feedback 1 and that of tK

f
(k) in Feedback 2.

The computation times have been estimated using the
following procedure. For Feedback 1, the "rst scenario in
which the maximum computation time for tK (1)(k,X(k)),
k"1,2 is reported is considered. This is because the
number of computations needed may vary slightly with k.
Note that D"0.5 and e"0.01 are considered. Since the
computations of the updating rule (23d) are always the
same for Feedback 2, and since a single update is too fast,
the computation time is calculated by invoking the up-
dating rule 100 times.

Computations were performed on a PC Pentium III,
450 MHz. The results are shown in Table 2.

Recall that the computation times above are to
be compared with the sampling period of 0.2 s. The
implemention of Feedback 2 is clearly proved while
that of Feedback 1 may strongly depend on the param-
eters used (D, e and the sampling period), as well as
on the on-board systems. Therefore, it must be checked
in a more detailed manner. Recall, however, that
in both feedbacks, the control used within the sampling
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a(t,X(t))
0

(t
f
) :"

[x2
t
(t
f
)!2x

t
(t
f
)x(t)]h(t)#x2(t)h

t
(t
f
)#x

t
(t
f
)x(t)[x(t)!x

t
(t
f
)] tan(c(t))

[x
t
(t
f
)!x(t)]2

. (A.1c)

Table 2
Computation time (in s) for Feedbacks 1 and 2

Feedback 1 Feedback 2

0.04 0.0004

period is still a feedback and therefore, the sampling
period (equal to 0.2 s in the simulations) may be
augmented.

6. Conclusion

In this paper, a new feedback law that yields a sub-
optimal solution of the minimum interception time
problem is proposed. The derivation of the proposed
feedback law is based on intuitive geometric argu-
ments and can therefore be easily understood by
practitioners. The robustness of the proposed feed-
back law against aerodynamic coe$cient modelling
errors have been successfully tested. It is worth
noting that the approach can easily be generalized to
handle a combined criterion on interception time
and "nal speed by using higher-order polynomials to
de"ne system-compatible trajectories. This leads to
a two-dimensional algebraic equation to be solved.
However, real-time implemention is still to be adequately
rechecked.
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Appendix A

Expressions of the parabola coe$cients a(t,X(t))
i

(t
f
)

a(t,X(t))
2

(t
f
) :"

h
t
(t
f
)!h(t)#(x(t)!x

t
(t
f
)) tan(c(t))

[x
t
(t
f
)!x(t)]2

, (A.1a)

a(t,X(t))
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