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Abstract: In this paper, an analytic constrained nonlinear state feedback for torque control of a
gasoline engine is designed. The state feedback is based on the mean-value model of the gasoline
engine, which consists of the intake manifold air filling dynamics and torque calibration equation.
The proposed feedback can be made as close as possible to the minimum-time controller by
adequately choosing a specific parameter of the controller. Illustrative experiments are proposed
to assess the efficiency of the proposed controller. Comparing to the control performance of
Model Predictive Control (MPC), the proposed solution suggests that as far as the underlying
problem is concerned, the use of MPC seems to be unjustified.
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1. INTRODUCTION

Engine torque based control strategy becomes a key tech-
nique in engine control system, since modern engine sys-
tem is quite sophisticated involving many control loops
embedded in the control logic. As a fundamental control
issue, engine torque control has been paid much attention
during past years, since the tracking performance is crucial
to obtain the satisfactory drivability and to guarantee
the engine normal operation performance. Many advanced
control strategies have been proposed. For instance, a
sliding-mode control algorithm based on the nonlinear
dynamic model was proposed for coordinating engine
torque and transmission control performance (Moskwa
and Hedrick , 1990). A study designed a fuzzy robust
controller to achieve the torque tracking performance with
the throttle as the control actuator (Triwiyatno , 2012). In
another paper, a Smith predictor is embedded into PI and
LQ torque control scheme for achieving a good tracking
performance (Chamaillard et.al, 2004). A crank-angle do-
main controller is proposed to control engine torque with
zero steady state error (Ingram et.al, 2003). However, from
the viewpoint of the methodology, engine control technique
is still challenging because of the nonlinearity and time-
varying properties.
Recently, model-based development (MBD) strategy has
been widely adopted for solving the complicated issues
in the engine control system development(Del Re et.al,
2010). Under the concept of MBD, a systematic controller
design method is proposed based on the plant model,
and the control effects are verified in a combined simu-
lation environment consisting of both the hardware and
the software in order to reduce the developing period. In
this context, model predictive control (MPC) gained much
attention in the recent years and it shows large potentials

in engine control applications due to the advantages of
the model-based design approach, receding horizon opti-
mization feature, multi-variables control capability, etc.
(Behrendt et.al, 2011; Havlena et.al, 2005; Hrovat et.al,
2012). The fundamental principle of MPC is to use the
future state of control plant predicted based on the dynam-
ical model to optimize the current control input, while the
optimization process is achieved by iteratively solving the
optimal control problem with the given cost function over
a finite time horizon. However, a bottleneck of MPC is the
heavy computation load for industrial electronic control
unit (ECU) to realize optimizing computation in real time,
especially for the nonlinear control system. This drawback
restricts its widespread application on the automotive in-
dustry.
Some active explorations for gasoline engine control based
on MPC scheme have also been introduced in litera-
ture recently. Studies were investigated to applying MPC
to the engine speed control (Cairano et.al, 2012; Xu ,
2013). (Vermillion et.al, 2010) gives a simulation analysis
on the MPC-based engine torque control, where the on-
line optimization algorithm relies on the computation of
a sensitivity function. Besides, (Kang and Shen , 2014)
designed a torque tracking controller based on nonlinear
MPC scheme and also gave the experimental validation
under driving conditions. In that study, the on-line reced-
ing horizon optimization control was achieved by a fast
numerical solving algorithm known as Continuation and
Generalized Minimum Residual (C/GMRES) estimation
method (Ohtsuka , 2004).
As an extension research of the previous work (Kang and
Shen , 2014), this paper investigates the control effects
of two controllers based on a simple state feedback control
scheme and on the MPC method, respectively. An analytic
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constrained nonlinear state feedback for torque control
of a gasoline engine is proposed in this study. The state
feedback is based on the mean-value model of the gasoline
engine, which consists of the intake manifold air filling
dynamics and torque calibration equation. The proposed
feedback can be made as close as possible to the minimum-
time controller by adequately choosing a specific parame-
ter of the controller. Illustrative experiments are proposed
to assess the efficiency of the proposed controller. Com-
paring to the control performance of MPC, the proposed
solution suggests that as far as the underlying problem is
concerned, the use of MPC seems to be unjustified. More-
over, this kind of explicit law highlights the nice modeling
effort that ended up with the simple-to-use reduced order
model.
The rest of this paper is organized as follows. Section 2
reviews the control-oriented model of the gasoline engine
system and proposes the torque control problem. Then
the model based feedback scheme for the torque tracking
is described in section 3. In section 4, experimental valida-
tion results are demonstrated for evaluating the proposed
engine torque tracking control scheme and the comparison
analysis of the control effects based on a nonlinear MPC
controller and the proposed controller is proposed in sec-
tion 4. Finally, conclusive remarks are included in Section
5.

2. MATHEMATICAL MODEL AND PROBLEM
STATEMENT

In this section, the mathematical model used in the con-
troller design is recalled. For a four-stroke gasoline engine,
the dynamical behavior of intake-to-torque generation con-
sists of the intake manifold air filling dynamics and the in-
cylinder torque generation process. As shown in Fig.1, the
variation of throttle opening angle and rotational speed
leads to the change of the intake manifold pressure, and
then the pressure changes will further influence the air
mass flow going into the cylinder. Accordingly, the fuel
injection control loop will make the proper response to
adjust the fuel injection mass in order to keep the fixed air-
fuel ratio. The air-fuel mixture is burned in the cylinder,
and the combustion generates the pushing force on the
piston and resulting in the variation of the rotational speed
of the crankshaft.

Fresh Air

Intake Manifold

Crankshaft

Spark Injector

Piston

Speed

cyl

Throttle

Torque

A/F λ

Intake Valve Exhaust Valve

Fig. 1. General diagram of gasoline engine dynamic sys-
tem.

For the sake of simplicity, the control-oriented model is
reduced by the following differential equation with the
torque as output (Kang and Shen , 2014; Guzzella et.al,
2004; Carlsson , 2007; Hong et.al, 2011; Hendricks et.al,
1990):

ṗm = a

[
1 − cos φ

cos φ0

]
[pa − pm]

1
2 − bωpm (1)

τe = g1(ω)pm + g2(ω) (2)
where pm is the manifold pressure (MPa), ω represents
the engine speed (rpm), τe denotes the engine produc-
tion torque (Nm), a, b, φ0 and pa are positive constant
parameters. g1(ω) > 0 and g2(ω) < 0, are the 3rd-order
polynomial functions corresponding to the engine speed ω,
which are not explicitly given here due to confidentiality
reason. For this model, the control variable is given by
φ ∈ [φmin, φmax] (deg). The state variable pm is restricted
to the interval pm ∈ [pmin

m , pmax
m ] (MPa). The control

objective is to force the torque τe given by (2) to track some
reference signal τd while meeting the constraints expressed
above on the control φ and the pressure pm.
To achieve this objective, a MPC-based torque control
scheme is a candidate, for example, the optimal control
problem can be formulated as follows:

min
{u∗}

⎧
⎨

⎩J(u) :=
t+T∫

t

[
r1 (τd(τ)−τe(τ))2 − r2u(τ)2

]
dτ

⎫
⎬

⎭

subject to (1), (2) and constraints, where u = φ̇, represents
the change of the throttle angle, and T denotes the
predictive horizon length. Such a receding horizon optimal
control problem is easy to set up especially when the model
is sufficiently accurate. Otherwise, an integral action is
usually embedded into the MPC design to compensate for
the modeling error and reject the external disturbance. In
this regard, the throttle angle can be written as the follow
form:

φ = kIeI + v (3)
where eI =

∫ t
0 (τd(τ) − τe(τ))dτ is the integrator of the

torque tracking error, and v is an additional control
variable used for dynamical compensation; kI denotes
the integral gain. Hence, the integrator-embedded MPC
problem is described as follows.

Pmpc : min
{v∗}

{J(v)} (4)

subject to:
⎧
⎪⎨

⎪⎩

ṗm = a

[
1 − cos (kIeI + v)

cos φ0

]
[pa − pm]

1
2 − bωpm

ėI = τd − τe

τe = g1(ω)pm + g2(ω)
and the constraint: φ ∈ [φmin, φmax], pm ∈ [pmin

m , pmax
m ],

and v ∈ [vmin, vmax].
The above receding horizon optimal control problem Pmpc
was proposed in (Kang and Shen , 2014). The real-time
optimization was achieved by applying the approximation
optimization algorithm C/GMRES, and the experimental
results demonstrate the feasibility and effectiveness of the
proposed controller. However, such numerical optimization
algorithm still suffers from a heavy computational burden
for the practical engine ECU. To avoid complexity of the
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controller design, a simpler model based optimal feedback
control scheme will be discussed in the following section.

3. FEEDBACK CONTROLLER DESIGN

First of all, we consider the following notation:
u := cos(φ); u0 := cos φ0, (5)

where the new definition of the control variable u is used.
Let us also define the bounds on u by:

umin := cos(φmax); umax := cos(φmin), (6)
using this notation the model (1)-(2) rewrites:

ṗm = a

[
1 − u

u0

]
[pa − pm]

1
2 − bωpm (7)

τe = g1(ω)pm + g2(ω) (8)
Property 1. (Open-loop stability). For all admissible con-
trol u ∈ [umin, umax], the system (7) is open-loop stable.

Proof. Note that for all admissible u, one has (1 −
u/u0) > 0. Therefore,

∂ṗm

∂pm
= −

[
1 − u

u0

]
[pa − pm]−

1
2 − bω < 0 (9)

which clearly gives the result.
Fig. 2 shows the evolution of the stationary pressure and
control for a given desired torque and for different values
of the engine speed ω. This analysis shows that because of
the lower values of pm an the upper value of u, there is a
speed-dependent lower bound on the achievable stationary
torque. This lower bound is given in the bottom-left
subplot of Fig. 2. It is denoted in the sequel by τmin

d . Note
that the upper bound 250Nm does not correspond to a
physical limitation but is fixed by operational condition
and is viewed here as a part of the problem statement.
In the sequel, it is assumed that the desired torque τd lies
in the admissible domain defined by the bounds defined
above. If this is not the case, the desired value should be
amended by projecting it inside the admissible interval.
This is not explicitly mentioned in the sequel in order to
simplify the expressions.
Based on the system equations (7)-(8), the stationary
values of pm and u are given by:

p∗
m(ω, τd) := τd − g2(ω)

g1(ω) (10)

u∗(ω, τd) := u0(1 − bωp∗
m(ω, τd))

a [pa − p∗
m(ω, τd)]

1
2

(11)

These values enable to define the following state feedback:

u = Kϵ(ω, pm, τd) := (12)

Sat

[
u∗(ω, τd) + umax − umin

2ϵ
(pm − p∗

m(ω, τd))
]

where the function Sat(·) is defined by:

Sat(ν) :=

⎧
⎨

⎩

umin if ν < umin

umax if ν > umax

ν otherwise
(13)

The rationale behind this definition lies in the following
arguments (see Fig.3):

(1) When pm is below the desired stationary value p∗
m,

the fastest way to increase it is to apply the minimum
value umin.

(2) When pm is above the desired stationary value p∗
m,

the fastest way to decrease it is to apply the maximum
value umax.

(3) Ideally, one should apply the preceding solution until
pm reaches its desired value p∗

m and then instan-
taneously switch to the steady value u∗. However,
this minimum-time manouver corresponds to infinite
derivative of u which is incompatible with real-world
implementation.

(4) That is when the parameter ϵ enters into play by
smoothing the evolution of u. Based on the above
discussion, the smaller ϵ is the closer is the behavior
to the minimum-time solution.

Comment 1. Note that the feedback defined by (12)
assumes a perfect model. It is obvious that a standard
integrator action can be added in order to compensate for
model mismatch and disturbances. This can be done by
adopting the following definition:

ė = τd − τe(ω, pm) (14)
u = Kϵ(ω, pm, τd + e) (15)

4. EXPERIMENTAL VALIDATIONS

In order to validate the behavior of the real system under
the proposed control law, some validating experiments
were conducted on a 3.5L V6 type gasoline engine test
bench, as shown in Fig.4.
To verify the control performance under different condi-
tions, the experiments are based on a given evolution of the
engine speed ω that is varied along an arbitrary sinusoidal
profile, e.g.,

ω(t) = 1800 + 800 sin(πt) (16)
In fact, as long as the engine speed varies within the ad-
missible range [1000, 3500], the control law will be effective
(see Fig. 2). This engine speed is realized by the controlling
the dynamometer under the speed control mode. More-
over, a time profile of the desired torque is defined using
several step changes following by sinusoidal signal to be
tracked as shown in Fig. 5 hereafter. Fig. 5 illustrates the
comparison results between the two feedback control laws
(12) or (15) based on if embedding the integrator. It is
obvious that the improved controller obtains the better
control performance with the smaller tracking error. The
embedded integrator can reject the disturbance and com-
pensate the model error comparing with the control results
without integrator. In this case, the constraint on control
variable u (or equivalently φ) is chosen as: φ ∈ [1.6, 20]
(deg).
Note that the constraints on the state pm are obviously
satisfied thanks to the monotonic evolution of pm between
the current value and the desired value p∗

m and since both
values are supposed to be admissible, the whole closed-loop
trajectory lies in the admissible domain.
As for the satisfaction of the constraints on the control
variable u (or equivalently φ), it is satisfied by construc-
tion. Fig. 6 shows the evolution of the closed-loop system
under two different assumptions regarding the admissible
bounds on u (or φ), namely: φ ∈ [1.6, 13] (deg). In order to
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Fig. 2. Top : Evolution of the stationary values of the pressure pm (top/left) and the control u (top/right) as functions of
the desired torque τd for different values of the engine speed ω ∈ [1000, 3500]. Bottom: Bounds on achievable torque
given the constraints on pm and u (bottom/left). Approximation of the lower bound using 5-th order polynomial.

Fig. 3. Definition of the feedback law that tracks the de-
sired torque τd when the instantaneous engine speed
is ω. The functions p∗

m(ω, τd) and u∗(ω, pm) are given
by (10) and (11) respectively. Note that the feedback
is defined up to the choice of the parameter ϵ > 0.

appreciate how the proposed feedback law accommodates
for the saturation on the control variable. Note however
that in addition to the decrease of performance when the
bounding interval is tightened, the admissible achievable
value of the desired torque are also reduced when reducing
the interval of variation of the decision variable. This
feature is not shown in the figure but should be used
to appropriately amend the desired value τd used in the

Fig. 4. Gasoline engine test bench.

expression of the feedback laws (12) or (15) following the
explanation of comment 1.
Furthermore, to benchmark the control performance of
the proposed feedback controller with MPC controller,
the comparison experiment was conducted. Fig. 7 shows
the control results based on the MPC scheme which
has been already proposed in (Kang and Shen , 2014).
The predictive horizon length is 300ms and the real-time
control period is 10ms. The control results demonstrate the
nonlinear MPC controller also has a good transient control
performance and the C/GMRES algorithm can satisfy the
control precision and real-time capacity. The comparison
results is listed in Table.1. For the fair comparison, all
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Fig. 5. Experimental results for illustrating the control
effects based on control laws (12) and (15).
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Fig. 6. Experimental results for illustrating the constraint
activated control performance.

controllers are confirmed to be well tuned to exhibit their
best control performance. Comparing to the control results
based on the proposed feedback controller, it proves that
the MPC control cannot reflect its advantage under this
kind of simple problem.
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Fig. 7. Experimental results of torque tracking control us-
ing MPC scheme proposed in Kang and Shen (2014).

Table 1. Comparison of the control precision.
Controller Mean Error (Nm)
Feedback Law (12) -7.7803
Feedback Law (15) -0.095384
Nonlinear MPC -0.41709

5. CONCLUSION

In this paper, an analytic constrained nonlinear state feed-
back for torque control of a gasoline engine is proposed.
The proposed feedback is made as close as possible to the
minimum-time controller by adequately choosing a specific
parameter of the controller. The experimental results as-
sess the good performance of the proposed when compared
to the behavior under the MPC design. It is shown that as
far as the simple constrained nonlinear control problem is
concerned, it seems inappropriate to use real-time MPC as
a simple analytic and near optimal law can be derived that
totally solves the problem. Moreover, this kind of explicit
law relies on the nice modeling effort that ended up with
the simple-to-use reduced order model. With this kind of
model, it might be legitimate to consider the use of MPC
as a dogmatic choice. The future work will focus on the
multi-variable control for torque tracking issue.
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