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1 Definitions & Notation

In this chapter, the concept of Moving-Horizon Observer (MHO) is recalled
and some related topics are discussed and illustrated through dedicated exam-
ples. Throughout this chapter, interest is focused on nonlinear systems that
may be described by the following equations:

x(t) = X(t, t0, x0), (1)
y(t) = h(t, x(t)), (2)

where X : R+×R+×Rn → Rn is a map that gives the state x(t) of the system
at instant t based on the knowledge of the state x(t0) = x0 at some instant
t0. The map X(·, ·, ·) may be obtained by using an appropriate system model
(Ordinary Differential Equations (ODE’s), Differential Algebraic Equations
(DAE’s) or even a quite sophisticated hybrid simulator). Some of the results
presented hereafter may need a particular system model. This is indicated
when needed. y(t) ∈ Rny denotes the measured output at instant t. Using
similar notations as for the state, the output trajectory is denoted hereafter
by:

Y (·, t0, x0)
.= h(X(·, t0, x0)) (3)

Note also that in (1)-(2), dependency w.r.t measured variables such as control
input, time varying parameters with known time evolution is implicitly han-
dled through the argument t of the map X. When unmeasured disturbances
w ∈ Rnw and measurement noise v ∈ Rny are to be considered, equations
(1)-(2) are replaced by the following ones:

x(t) = X(t, t0, x0, w
t
t0), (4)

y(t) = h(t, x(t)) + v(t), (5)
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where wt
t0 denotes the disturbance profile {w(τ)}τ∈[t0,t]. Note that these dis-

turbances may also represent model discrepancies. The same notation vt
t0 are

used to denote measurement noise profiles.

In the present chapter, it is assumed that some knowledge is available on
the admissible sets of states, disturbances and measurement noise. Namely,
there are known compact sets maps X(·), W(·) and V(·) such that the following
inclusions hold at each instant t:

x(t) ∈ X(t) ⊂ Rn ; w(t) ∈W(t) ⊂ Rnw ; v(t) ∈ V(t) ⊂ Rny . (6)

These constraints enable the following definition to be stated:

Definition 1 (Measurements-compatible configurations).
Consider some time interval [t−T, t] and a corresponding measurement profile
yt

t−T . A pair (ξ,w) ∈ X(t− T )× [Rnw ][t−T,T ] is said to be (yt
t−T )-compatible

if the following conditions hold for all σ ∈ [t− T, t]:

1. w(σ) ∈W(σ),
2. X(σ, t− T, ξ,w) ∈ X(σ),
3. yt

t−T (σ)− Y (σ, t− T, ξ,w) ∈ V(σ).

When these conditions hold, the following short notation is used:

(ξ,w) ∈ C(t, yt
t−T ) (7)

to denote the set of (yt
t−T )-compatible pairs. ♥

Roughly speaking, a (yt
t−T )-compatible pair (ξ,w) is a pair of initial state (at

instant t− T ) and a disturbance profile w defined on [t− T, t] such that the
resulting trajectory obtained by (4) meets the constraints (6) over [t− T, t].

1.1 Technical definitions

In this section, some technical definitions that are needed in the remainder of
this chapter are successively given:

X A function α : R+ → R+ is a K-function if it is positive definite, contin-
uous, strictly monotonic increasing and proper (limx→∞ α(x) =∞).

X Given some closed subset S of an Euclidian space E, the projection map
PS is defined as follows:

PS : E→ S : PS(e) = min
σ∈S

d(e− σ) (8)

where d is some distance that is to be understood from the context.
X For all matrix A, σ(A) denotes the smallest singular value of A.
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X Given a piece-wise continuous function g(·) defined over some time interval
I and some integer i, the following notations are used:

‖g(·)‖Li
=

∫
I

‖g(τ)‖idτ ; ‖g(·)‖∞ = sup
τ∈I
‖g(τ)‖

X Given a multi-variable function f(x1, x2, . . . ), the partial derivative of G
w.r.t xi is shortly denoted by fxi

(x1, x2, . . . ).

2 The constrained observation problem

Based on the above definitions, the observation problem can be stated as
follows:

Definition 2 (The finite horizon observation problem).
The finite horizon observation problem amounts to choose some observation
horizon length T > 0 and to use at each instant t, the available information,
namely:

1. the system equations (4)-(5)
2. the past measurements yt

t−T ,
3. the constraints (6) and
4. some additional exogenous knowledge.

in order to produce an estimation x̂(t) of the current state x(t). ♥

The need for some additional Knowledge comes from the fact that the first
three available information (system equations, measurements and constraints)
are of no help to choose between all the candidate states that belong to the
following subset:

Ωt =
{

X(t, t− T, ξ,w) | (ξ,w) ∈ C(t, yt
t−T )

}
. (9)

Indeed, all states in Ωt belong to trajectories that respect the constraints
and the noise level and are therefore equally valuable candidates to explain
the output measurements. Therefore, there is indeterminism unless one of the
following conditions holds:

X Ωt = {x(t)} or
X some additional criteria is considered.

The first case Ωt = {x(t)} occurs in particular when no disturbances nor
measurement noises are present (W = {0} and V = {0}) provided that the
system is observable in the following trivial sense:

Definition 3 (Uniform Observability of nominal systems).
The system (1)-(2) is uniformly observable if there is some T > 0 and a
K-function α such that the following inequality holds:
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t−T

‖Y (σ, t− T, x(1))− Y (σ, t− T, x(2))‖2dσ ≥ α(‖x(1) − x(2)‖) (10)

for all t ≥ 0 and all (x(1), x(2)) ∈ X(t− T )× X(t− T ). ♥

Indeed, under disturbance and noise free assumption and for uniformly ob-
servable nominal systems, if X(t, t − T, ξ) belongs to Ωt for some ξ [see
(9)], then one has according to condition 3 of definition 1: yt

t−T (σ) =
Y (σ, t − T, x(t − T )) = Y (σ, t − T, ξ) for all σ ∈ [t − T, t] and this implies
according to (10) that α(‖x(t − T ) − ξ‖) = 0 which simply means by defini-
tion of α that ξ = x(t− T ). Consequently, under the above assumptions, the
only element in Ωt is X(t, t− T, x(t− T )) = x(t).

It is important to underline that definition 3 involves state constraints since
inequality (10) has to be satisfied only on the set X(t − T ) × X(t − T ) of
admissible pairs. The following example shows a system that is uniformly ob-
servable on some restricted region of admissible states but not in the whole
state space.

Example 1. Consider the nominal nonlinear system given by:

ẋ1 = −x1 + x2 ; ẋ2 = 0 ; y = x1x2

This system is observable on the subset X = {x ∈ R2 | x2 > 0} but not on
R2. This is because any pair of states (x(1), x(2)) such that x(1) = −x(2) leads
to identically the same output profile. This would contradict (10) if global
uniform observability is checked. ♦

In the general uncertain and noisy situations, Ωt may not be a singleton and
one needs to add some additional requirement in order to make the best choice
between all the pairs (ξ,w) ∈ C(t, yt

t−T ). Once such a criterion is defined, the
best choice denoted by (ξ̂(t), ŵ(t)) is used to compute the best state estimate
x̂(t) according to:

x̂(t) = X(t, t− T, ξ̂(t), ŵ(t)) (11)

Typically, one way to define a choice criterion is to look for (ξ,w) ∈ C, (t, yt
t−T )

that minimizes some functional:

J(t, ξ,w) := Γ (t, ξ − ξ∗(t)) +
∫ t

t−T

L
(
w(σ), εy(σ)

)
where (12)

εy(σ) = yt
t−T (σ)− Y (σ, t− T, ξ,w). (13)

More precisely, the best choice (ξ̂(t), ŵ(t)) is obtained by solving the following
optimization problem:

P (t) : min
(ξ,w)∈Ωt

J(t, ξ,w) (14)
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Note that the definition of the performance index J introduces an additional
knowledge through the relative weights on the disturbance term w and the
output prediction error term εy. The resulting trade-off recalls the one in-
troduced in the Kalman filter by using penalties equal to the inverses of the
corresponding covariance matrices, namely:

L(w, εy) = wT Q−1w + εT
y R−1εy

Moreover, the weighting term Γ (·, ·) in (12) enables to penalize the distance
between ξ and some particular value ξ∗(t) that may condense the past knowl-
edge on the most likely value of the state at instant t− T . The value of ξ∗(t)
is generally induced by the past estimation.

Remark 1. The formulation given above can be viewed as the generalization
of the Kalman filter equations that hold only for linear unconstrained systems
with particular statistical properties of the uncertainty (w) and the measure-
ment noise v (white Gaussian signals). In this case, the penalty term writes
Γ (t, η) = ηP (t)η and ξ∗(t) is induced by the past estimation giving rise to the
Kalman filter updating rules in the discrete or in the continuous case (see [3]
for more details).

2.1 About temporal parametrization of uncertainties

In this section, attention is focused on the need for temporal parametrization
of uncertainties when using (11)-(14) to design a nonlinear observer. Indeed,
the decision variable (ξ,w) involved in the optimization problem P (t) is infi-
nite dimensional as w is the uncertainty profile over the time interval [t−T, t].
Consequently, any concrete implementation of the above scheme needs a finite
dimensional approximation of candidate profiles w.

In many academic texts (see for instance [3]), a discrete time version of the
system model is used and a piece-wise constant structure is implicitly used
with the unknowns

pw := {w(kτ)}k0+N−1
k=k0

∈W(k0)× · · · ×W(k0 + N − 1) ⊂ Rnw·N ,

where W(k) is a short writing of W(kτ) and where the observation horizon
length is T = Nτ . This leads to a decision variable (ξ, pw) of dimension
n + N · nw.

This choice although apparently natural shows the following major drawbacks:

1. First, the piece-wise constant structure is very often too rich when com-
pared to realistic uncertainties that are often due to badly identified rather
constant parameters, slowly drifting variables or even periodic distur-
bances. This excess of spectral content enlarges the size of the set Ωt

of candidate paires [see (9)] and hence lead to noisy estimation even in
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presence of small physical measurement noise.

2. In addition to the drawback mentioned above, the piecewise constant
structure leads to a high dimensional decision variable (n + N · nw) with
a generally badly conditioned optimization problem. This is because the
high spectral content of the resulting w leads to too many possible inter-
pretations of the past measurements.

3. In case of continuously varying uncertain signals, the piecewise constant
parametrization implies a small sampling time leading again to even higher
dimensional problem for the same observation horizon (buffer length).

One way to overcome these drawbacks is to choose a parametrization of w
that reflects in a more realistic way what would be the time evolution of this
uncertainty vector. This can be denoted generically by:

w(t) =W(t, pw) ; pw ∈ P.

Note that here, the dimension of the unknown disturbance parameter pw is
no more directly related to the dimension of the disturbance vector w nor to
the length of the observation horizon. The cost function to be minimized can
then be rewritten as a function of the new decision variable (ξ, pw):

J(t, ξ, pw) = J(t, ξ,W(·, pw)). (15)

Example 2. A typical example of reduced dimensional parametrization of an
uncertainty vector that evolves smoothly in time is to use time polynomial
approximations:

Wi

(
t, (p(1)

w , . . . , p(nw)
w︸ ︷︷ ︸

pw

)
)

= PW(t)

[
(1, t, . . . , tn

(i)
w ) · p(i)

w

]
; p(i)

w ∈ Rn(i)
w . (16)

where PW(t)(·) is the projection map on the admissible set W(t).

The order of the polynomial development for the i-th component of pw, namely
n

(i)
w is to be chosen according to what could be a realistic evolution of this

component during the observation horizon [t−T, t]. The resulting optimization
problem shows a decision variable (ξ, pw) of dimension

np := n +
nw∑
i=1

n(i)
w .

It goes without saying that other time parameterizations can be used in order
to be closer to any available information about the uncertainty evolution. ♦
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When such parametrization is used, the following straightforward notation is
adopted to denote the corresponding state trajectory:

X(t, t0, x0, pw) = X
(
t, t0, x0,W(·, pw)

)
.

The best estimate of the state is then given by

x̂(t) = X(t, t− T, ξ̂(t), p̂w(t))

where the pair (ξ̂(t), p̂w(t)) minimizes the cost function J(t, ξ, pw) defined by
(15).

Note that by using the extended state:

x̄ =
(
xT pT

w

)T ∈ Rn × Rnp , (17)

together with the trivial dynamic ṗw = 0 on the additional state vector, the
uncertain observation problem is put in a deterministic uncertainty free con-
text with a higher dimensional extended system. Note however that for the
new extended uncertainty-free system, the admissible set Ωt is generally not
reduced to {x(t)} and the result is still dependent on the additional knowledge
that are introduced through the weighting parameters of the cost function
J(t, ξ, pw).

Heuristic approaches can also be used to avoid time structured model of the
uncertainties evolution that are not discussed here. See [13] for more details.

2.2 Optimization based vs analytic observers

Recall that the Kalman filter equations are originally derived based on opti-
mal design considerations (maximum likelihood under white Gaussian signals
assumption). One nice feature of the observer equations is that in the absence
of disturbances and measurement noise, the estimation error:

e := x− x̂

shows a comprehensively asymptotically stable dynamic behavior with a stable
closed loop matrix. The generalization of the optimization based formulation
that underlines the Kalman filter to general nonlinear systems leads to gen-
erally non convex and hard to solve optimization problems.

This fact together with the relatively limited computational facilities in the
80’s motivated researches on nonlinear observers that are based on the study
of the resulting estimation error’s dynamic and that can be expressed in ana-
lytic form without the use of on-line computations. However, the possibility to
derive observer equations such that the induced dynamics on the estimation
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error is provably asymptotically stable is quite limited. Indeed, given a general
nonlinear system expressed in ODE’s form

ẋ = f(x) ; y = h(x), (18)

and a candidate consistent observer equation:

˙̂x = f(x̂) + K(x̂, y)

the explicit observer design problem amounts to find a function K(·, ·) of
the observer’s internal state and the measured output such that the induced
estimation error equation that is involved in the extended resulting ODE’s:

ẋ = f(x)
ė = f(x)− f(x− e)−K(h(x), x− e)

can be proved to be asymptotically stable. This is clearly a hard task as long
as a high level of genericity is required.

To overcome this difficulty, researchers imagined conditions on the maps f
and h involved in the system and measurement equations (18) in order for
a correction map K(·, ·) to be found. High gain observers [20, 2] and sliding
mode observers [4, 10, 23] resulted from this approach.

Almost twenty years of this state estimation error (SEE)-based observer de-
sign enforced the idea according to which, the very basic notion of observ-
ability expressed in definition 3 is largely insufficient to derive a concrete
state estimation scheme. Additional (generally structural) properties are still
needed in order for a state observer to exist. Moreover, these additional condi-
tions are constructive in the sense that they are needed not only to guarantee
the convergence of the estimation error but they are needed for the observer
design itself.

It goes without saying that, faced with these difficulties even in the nominal
case, studies on nonlinear observers were essentially directed towards nomi-
nal state estimation problems (without uncertainty nor measurement noises).
The robustness issues are generally viewed as a by-side product or tackled
through an even more restrictive structural properties that are expressed for
some extended systems in the spirit of what is presented in section 2.1.

Contrary to analytic observers that use the explicit study of the state es-
timation error in order to design the observer correction term, optimization
based observers use the very definition of observability in order to derive the
state estimation algorithm. The idea is to use the fact that as long as the
nominal system is considered, estimating the state of an observable system is
equivalent to minimizing J(t, ξ): the integral of the squared output prediction
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error over some observation horizon (see definition 3).

Consequently, if an algorithm can guarantee that this quantity converges
asymptotically to 0, then there is no need for additional proof of conver-
gence. The convergence of the state estimation error is a direct consequence
of the convergence of the cost function J(t, ξ(t)) since this proves that ξ(t)
converges to x(t− T ) and that x̂(t) = X(t, t− T, ξ(t)) converges to x(t).

Unfortunately, there is no such algorithms with guaranteed convergence prop-
erties for general non convex optimization problems. The keywords Global con-
vergence that is widely used in scientific papers refer to global convergence to
some local minimum. Convergence results still need dedicated sufficient con-
ditions. However, these sufficient conditions are not constructive unlike the
ones used in analytic observers design. These conditions are not needed in the
construction of optimization based state estimation algorithms. More clearly,
even if one cannot guarantee the convergence of the resulting state estimation
scheme, one can always investigate the performance of an optimization based
observer on his own system. It is likely that the resulting scheme works quite
correctly even so there is no convergence proof.

Another difficulty arises when using optimization based nonlinear observer.
This concerns the real-time implementability issue. Indeed, the number of it-
erations that would be needed for a solver to find the optimal solution of P (t)
may exceed the available computation time that would be compatible with
the necessary updating rate. This difficulty is made worst by the fact that
each evaluation of the cost function needs the evolution of the system to be
simulated during the observation horizon which may be heavy to perform.

In a word, optimization based nonlinear observers offer several advantages
such as constraints handling and independence w.r.t the mathematical model
of the system. However, there are still several bottlenecks in their implemen-
tation and reliability. Despite these difficulties, these observers are very often
the only available choice. Consequently, investigating implementation issues
that enable to (at least partially) overcome the above mentioned difficulties
is certainly a profitable investment. This is the aim of this chapter.

Typically, two main issues are to be considered when implementing moving-
horizon observers:

\ The first one is related to the presence of local valleys that may attract
the optimization process leading to bad estimation of the state. As long as
generic observer design is concerned, this problem is unavoidable in con-
strained non convex optimization. However, one can use a very particular
feature of the state estimation induced optimization problem to derive sin-
gularities avoidance heuristic scheme. This is depicted in section 3 with an
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experimental validation on a terpolymerization processes.

\ The second implementation issue is related to the computation time the
iterative process would need to achieve the optimization task. This time
may be prohibitive when compared to the necessary updating rate. In this
chapter, two different approaches to address this problem are discussed:

� In the first, a differential formulation of moving horizon observer is
proposed. In this formulation, the observer equations take a rather
standard form (the observer equations is obtained by copying the sys-
tem equation and adding a correction term). The only difference is that
the correction term uses an integral norm of the output prediction error
rather than a point-wise output prediction error. This formulation and
the related techniques enabling to reduce the computational burden
are discussed in section 4.

� In the second approach to address the real-time implementation is-
sue, the optimization process is distributed over the system life-time. A
concrete derivative-free iterative scheme is proposed that may address
discontinuous (hybrid) behavior of the dynamic system. This scheme
is presented in section 5

As it is discussed in section 2.2, in the forthcoming developments, the ro-
bustness issue is addressed indirectly by extending the state vector or by a
posteriori validating tests.

3 Singularities Avoidance Heuristic Scheme

In this section, we consider a nominal system given by (1)-(2). The observer
design is developed on the nominal system under the uniform observaility
assumption (see definition 3). The robustness of the state estimation algo-
rithm is then checked under modeling errors and measurement noise as well
as experimentally on a real terpolymerization reactor1.

3.1 Expression of The Moving Horizon Observer

Using the notations of section 2 in the nominal context, consider a sampled
receding-horizon observer with observation horizon T = Nτs that updates the
estimated state at instants tk = kτs according to:

1 The experimental part of this section is a result of a joint work with Nida Sheibat-
Othman and Sami Othman for the Laboratoire d’Automatique et du Génie des
Procédés (LAGEP, Lyon, France). See [17].
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x̂(tk) = X(tk, tk−N , ξ̂(tk)) (19)

ξ̂(tk) = arg min
ξ∈X(tk−N )

[
J(tk, ξ)

]
:=

k∑
i=k−N

‖y(ti)− Y (ti, tk−N , ξ)‖2Qi(k)(20)

where for all i ∈ {1, . . . , N}, Qi(k) ∈ Rny×ny is a positive definite weight-
ing matrix. Note here that there is no more integrals used to define the cost
function as the measurements are assumed to be acquired with the sampling
period τs.

Reference to uniform observability is therefore implicitly based on a slight
adaptation of definition 3 to the case of sampled measurement acquisition.
This would lead to what could be referred to as uniform observability under
τs-sampling. The corresponding definition is identical to definition 3 with the
l.h.s of (10) being replaced by the r.h.s of (20)

Recall that under the uniform observability assumption, the optimization
problem (20) admits a unique global minimum ξ̂(tk) = x(tk−N ). Moreover,
this global minimum correspond to à 0 optimal cost value.

The solution of the constrained generally non convex optimization problem
(20) is ideally obtained as the asymptotic output of some iterative subroutine
S (see figure 1), namely:

Fig. 1. Ideal computation scheme to solve the optimization problem (20). The
iterative process S is initialized at ξ(0) that is obtained using the past estimated
value ξ̂(tk−1). Then, the iterations ideally lead asymptotically to the solution ξ̂(tk).
Integrating the system equations enables the computation of the current estimation
x̂(tk).
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ξ̂(tk)← lim
i→∞

ξ(i) (21)

ξ(i+1) = S(ξ(i), tk, ytk
tk−N

) ; ξ(0) = X(tk−N , tk−N−1, ξ̂(tk−1)) (22)

More precisely, an initial guess ξ(0) for the iterative process is computed based
on the past estimation ξ̂(tk−1) by integrating the system equations one sam-
pling period ahead. The iterations defined by (22) can then be performed to
yield ξ̂(tk) after some iterations and the estimation x̂(tk) is obtained accord-
ing to (19).

Note that the initialization of the iterative process by ξ(0) that is based on
the past estimation represents in some way an exogenous knowledge that is
injected in addition to the past measurements. Note also that this can be used
explicitly in the definition of the cost function to play the role of ξ∗ invoked
in section 2. More precisely, one can replace the cost function used in (20) by:

J∗(tk, ξ) := ‖ξ − ξ(0)‖Q0 +
k∑

i=k−N

‖y(ti)− Y (ti, tk−N , ξ)‖2Qi(k) (23)

where ξ(0) is given by (22).

It goes without saying that in practice, the number of iterations of the process
S that can be performed within a sampling period τs is necessarily limited
and the assignment in (21) must be replaced by:

ξ̂(tk) = ξ(Nmax) = SNmax(ξ(0), tk, ytk
tk−N

) (24)

where Sj(·) denotes the results of j successive applications of the map S
starting from the initial guess ξ(0). More precisely, the number of iterations
depends on the required precision ε > 0 used in the solver and Nmax is just
an upper bound on this number. Consequently, the number of effective iter-
ations Neff (tk, ε) ≤ Nmax varies in time with the parameters x(tk), ytk

tk−N

that contribute to the definition of the optimization problem and its related
complexity for a given required precision ε. It results that using an a priori
given bound Nmax, the required precision is no more guaranteed even regard-
less the problem of local minima.

Now, regardless the iterative process S used to perform the optimization task,
local minima may exist that potentially prevent the iterate ξ(i) from converg-
ing to the global minimum x(tk−N ). This is afforded by using multiple initial
guesses unless some other characterization of the global minimum is available.

Fortunately, when dealing with the nominal state estimation problem for uni-
formly observable systems, the global minimum x(tk−N ) one looks for when
trying to solve the optimization problem (20) can be strongly characterized
by the following property:
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x(tk−N ) is the unique global minimum of all the optimization prob-
lems (20) that may be obtained by changing the positive definite
weighting matrices Qi(k).

This makes the state estimation problem a very particular optimization prob-
lem since the global minimum one is looking for is the global minimum of an
infinite number of known functons. A subset of this set of functions sharing
x(tk−N ) as global minimum can be generated by choosing the following family
of weighting matrices:

Qi(k) = γk−i · qi · Iny
s.t qi > 0 and

∑
i

qi = 1 (25)

where γ ∈ [0, 1] is some forgetting factor while Iny
is the identity matrix in

Rny×ny . Note that since the vector of weights:

q̄ =
(
q1 q2 . . . qny

)T (26)

is involved in the definition of the cost function (20), the iterative process (24)
can be worth rewritten in the following form:

ξ̂(tk) = SNmax
q̄ (ξ(0), tk, ytk

tk−N
) (27)

The idea is then to notice that a local minimum for (20) in which some
weighting vector q̄(1) is used may probably not remain a local minimum for
another randomly chosen value of the weighting vector q̄(2) since it seems
reasonable to admit that only the true global minimum x(tk−N ) is a singular
point for all possible values of the weighting vector q̄. Following this intuition,
the one trials updating rules (27) is replaced by the following multiple trials
updating rule:

q̄ ← 1
ny

(
1 1 . . . 1

)
; ξ̂(tk) =← X(tk−N , tk−N−1, ξ̂(tk−1))

for (i = 1 : Ntrials)

ξ̂(tk)← SNmax
q̄ (ξ̂(tk), tk, ytk

tk−N
)

Generate randomly new q̄ satisfying (26)
end
x̂(tk)← X(tk, tk−N , ξ̂(tk))

Note that when Ntrials = 1, the multiple trials updating rule defined above
gives the classical one trial updating rule (27) in which the initial guess ξ0 is
given by (22).

Note that in the algorithm described above, the quantities tk, ytk
tk−N

and
ξ̂(tk−1) are inputs while the resulting estimated values x̂(tk) and x̂(tk) are
outputs while Ntrials ∈ N is a parameter. This can be shortly written as fol-
lows:
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ξ̂(tk) = ANtrials

(
ξ̂(tk−1), tk, ytk

tk−N

)
(28)

x̂(tk) = X(tk, tk−N , ξ̂(tk)) (29)

which clearly defines a dynamic observer with internal state ξ̂ that delivers
the estimated state x̂(tk) as output.

It is worth noting that according to the definition of ANtrials(·), one need
to perform Ntrials × Nmax iteration of the process S. Denoting by τiter the
time needed to perform a single iteration, the following constraint has to be
satisfied:

Ntrial ×Nmax × τiter ≤ τs (30)

in order for the above moving horizon observer to be real time implementable
with τs as updating period.

It is worth noting that in the real-time implementability constraint (30), a
trade-off is clearly to be found that is probably problem dependent. Examples
may be found in which it is worth increasing Ntrials and reducing Nmax and
vice-versa. On the other hand, the updating period τs may be quite larger
than the acquisition rate in order to leave time for convergence.

3.2 Application to a Terpolymerization Batch Process

In this section2, the moving horizon state observer defined in the preceding
section is applied to the state estimation of a terpolymerization batch process.

Multimonomer systems are usually used to produce polymeric materials with
suitable final properties. Terpolymerization systems usually allow producing
high performance materials. In order to control the final polymer properties,
such as the polymer composition, it is of high importance to model and mon-
itor such processes. In particular, monitoring the number of each one of the
three monomers is a key issue in controlling the final product quality.

In this section, we will be interested in estimating the polymer composition
in emulsion terpolymerization. A complete description of the state estimation
results presented in this section can be obtained in [17]. Here, only a sketch
of the result are given to illustrate the estimation process described above.

While several estimators have been proposed for polymerization processes
(see for instance [22, 21, 7] and the references therein), as long as emulsion

2 The process description given in this section is basically borrowed from [17] and
is due to Nida Sheibat-Othman to whom I am deeply indebted for our fruitful
and exciting collaborations.
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terpolymerization is concerned, only two applications could be found in the
literature. In [12], an open loop observer is designed to estimate the polymer
composition using calorimetric measurements combined to the process model.
In [19], a closed loop high gain observer is proposed to estimate the polymer
composition and it has been shown by simulation and experimentally that
the system can be observable if the total amounts of monomers are measured.
However, because of the model complexity (see below), the design of such a
high gain observer and the tuning of its gain in order to cope with the system
constraints remains a quite involved task and the high gain observer has been
obtained at the price of tremendous simplification of the dynamic model that
lead to rather poor estimation performance.

In the remainder of this section, the process model is first described, then
simulations as well as experimental validations are discussed.

Process Model

Assuming that monomers are not soluble in the aqueous phase and that the
reaction takes place mainly in the polymer particles, the material balances of
monomers are given by:

Ṅi = Qi −RPi i = 1, 2, 3 (31)

The reaction rate in the polymer particles RPi is proportional to the concen-
tration of monomer in the polymer particles ([MP

i ]) and the number of moles
of radicals in the polymer particles (µ):

RPi = µ[MP
i ](kp1iP

P
1 + kp2iP

P
2 + kp3iP

P
3 ) (32)

The time averaged probabilities (PP
i ) that an active chain be of ultimate unit

of type i are defined by:

PP
1 =

α

α + β + γ
; PP

2 =
β

α + β + γ
; PP

3 = 1− PP
1 − PP

2 (33)

where

α = [MP
1 ](kp21kp31[MP

1 ] + kp21kp32[MP
2 ] + kp31kp23[MP

3 ])
β = [MP

2 ](kp12kp31[MP
1 ] + kp12kp32[MP

2 ] + kp13kp32[MP
3 ])

γ = [MP
3 ](kp13kp21[MP

1 ] + kp21kp23[MP
2 ] + kp13kp23[MP

3 ])

In emulsion polymerization, it is well known that the reaction can be divided
into three intervals. In interval I, the polymer particles are produced. Mod-
elling of this interval allows the calculation of the particle size distribution and
the average number of radicals per particle which allows to calculate the total
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number of moles of radicals in the polymer particles (µ) in (32). This part of
the model will not be considered since it adds a lot of complexity to the pro-
cess model besides the fact that it remains very sensitive to impurities. µ will
therefore be considered as a parameter in the process model to be estimated
without modelling. It is important to outline that µ can undergo important
changes during the reaction since it is affected by the gel effect phenomena.

In interval II, the particle number is supposed to be constant. Polymer parti-
cles are saturated with monomer and the excess of monomer is stored in the
monomer droplets. During interval III, monomer droplets disappear and all
the residual monomer is supposed to be in the polymer particles. Therefore,
the concentration of monomer in the polymer particles can be calculated by
the following system:

[MP
i ] =



(1− φp
p)Ni∑

j

NjMWj

ρj

, (Phase II)

Ni∑
j MWj(

NT
j −Nj

ρj,h
+

Nj

ρj
)

(Phase III)
(34)

The condition for the existence of monomer droplets and therefore for deter-
mining if the reaction is in interval II, is governed by the following equation:

N1δ1 + N2δ2 + N3δ3 −
(1− φp

p)
φp

p
σ > 0 (35)

where

δi = MWi(
1
ρi

+
(1− φp

p)
ρi,hφp

p
) , i = 1, 2, 3 (36)

and

σ =
3∑

j=1

MWjN
T
j

ρj , h
(37)

The overall monomer conversion that can be measured easily online by
calorimetry is defined by:

y =
∑3

i=1 MWi(NT
i −Ni)∑3

j=1 MWjNT
j

(38)

Parameters used for the experimental validation of the model are given in
table 1 where kpij = kpii/rij . The recipe used for the experimental validation
of the observer is given by table 2 [19].
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Parameter Value Unit

φp
p 0.4

MW1 128.2 (g/mol)
MW2 100.12 (g/mol)
MW3 86.09 (g/mol)

ρ1 0.89 (g/cm3)
ρ2 0.94 (g/cm3)
ρ3 0.93 (g/cm3)

ρ1,h 1.08 (g/cm3)
ρ2,h 1.15 (g/cm3)
ρ3,h 1.17 (g/cm3)
kp11 4.5× 105 (cm3/mol/s)
kp22 1.28× 106 (cm3/mol/s)
kp33 4.26× 106 (cm3/mol/s)
r12 0.355
r21 1.98
r13 6.635
r31 0.037
r23 22.21
r32 0.07

Table 1. Parameter values of the terpolymerization of BuA/MMA/VAc (used in
the experimental validation)

Component Charge (g)

Butyl acrylate 300
Methyl methacrylate 300

Vinyl acetate 60
Sodium dioctyl sulfosuccinate 3

Potassium persulfate 2
Water 2380

Table 2. Recipe of the terpolymerization of BuA/MMA/VAc

Simulation-based Validation of the Moving-Horizon Observer

In order to apply the moving-horizon estimation scheme proposed in the pre-
ceding section to reconstruct the value of N := (N1, N2, N3) and µ, a constant
evolution of µ is assumed (over the prediction horizon) and the general state
equation is built up with the state vector being defined by :

x :=
(
N1 N2 N3 µ

)
∈ R4

+ ; µ̇ = 0

Recall however that despite this constant behavior during the prediction hori-
zon, the resulted closed-loop estimation of µ may show dynamic behavior
thanks to the moving horizon technique (see figures 6 and 7).
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Note that this is a concrete example of how dynamically unmodelled un-
certain parameters can be tackled by the state extension technique that is
described in section 2.1 [see equation (17)].

Considering global relative uncertainties d1, d2 and d3, the following model
is obtained to be used by the observer:

Ṅ =

1 + d1 0 0
0 1 + d2 0
0 0 1 + d3

 · f(x, u) (39)

µ̇ = 0 (40)
y = (1 + ν) · h(x) (41)

Namely, relative uncertainties are introduced directly on the r.h.s of the sys-
tem ODE’s through the variables di’s. This can gather all sources of model
discrepancy. On the other hand measurement noises are introduced through
the variable ν used in the measurement equation (41). More precisely, the
following definitions of d and µ are used in the simulations:

di(k) = dmax · ri(k) (42)
ν(k) = νmax · rν(k) (43)

where the ri(k)’s and ν(k) are chosen randomly in [−1, 1].

The results are shown on figures 2 and 3 (respectively without and in the
presence of measurement noises) where up to 10% relative errors are intro-
duced on the r.h.s of the system’s model.

In order to show the benefit from the singularity crossing mechanism intro-
duced in section 3, simulations with Ntrials = 1 and Ntrials = 4 are compared.
The results are shown on Figure 4. The scenario being used is the same as the
one depicted on figure 3.

Finally, to end this simulation based validation section, let us check the real
time implementability of the moving-horizon observer. The computation times
that lead to the results of figure 3 are given on Figure 5. Note that an ex-
plicit upper bound is imposed on the number of function evaluations. More
precisely, the internal loop of the optimizer stops as soon as the computation
time exceeds the sampling period (30 seconds). Note that all the results shown
above use a tolerance threshold ε = 10−8 for the optimization subroutine. It
is shown in the following section illustrating the experimental validation re-
sults that this precision is unnecessarily high and quite similar results can
be obtained using a lower precision (for instance ε = 10−3) while reducing
dramatically the computation time (see figures 6 and 7 hereafter). This is
especially true under the multiple trials technique proposed above.
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Fig. 2. Observer behavior under model uncertainty given by (39)-(43) with dmax =
10% and no measurement noise (νmax = 0). The observation horizon is N = 10 and
the number of trials for the singularity crossing scheme is Ntrials = 4. Initial state
of the observer is x̂(0) = diag(0.8, 1.3, 1.3) · x(0) and µobs(0) = 0.8µmodel.
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Fig. 3. Observer behavior under model uncertainty given by (39)-(43) with dmax =
10% and in the presence of measurement noise (νmax = 0.01). The observation
horizon is N = 15 and the number of trials for the singularity crossing scheme
is Ntrials = 4. Initial state of the observer is x̂(0) = diag(0.8, 1.3, 1.3) · x(0) and
µobs(0) = 0.8µmodel. Note that concerning the output, only the true output and the
estimated one are shown, measurement noise is not presented. This scenario uses a
tolerance ε = 10−8 for the optimization subroutine.

Experimental Validation of the Moving-Horizon Observer

In this section, the ability of the proposed state observer to reconstruct the
individual values of N1, N2 and N3 as well as the unmeasured and dynam-
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Fig. 4. Comparison between the observer behavior when Ntrials = 1 and Ntrials = 4
under the scenario depicted on figure 3. Note how the singularity cross mechanism
enables to avoid drops in the estimation quality when the observer encounters a
singular situation. This scenario uses a tolerance ε = 10−8 for the optimization
subroutine.

ically unmodeled variable µ is shown. Note that in order to experimentally
measure the values of the Ni’s, Samples are withdrawn during the reaction
and an inhibitor is added to stop the reaction. The latex is then diluted in a
solvent and injected in a gas chromatograph to measure the residual amount
of monomer. By doing so, the true values of the Ni can be obtained. This has
been done only during the 80 first minutes of the Batch where only 9 samples
have been analyzed. The dots (*) on figures 6 and 7 indicate the correspond-
ing measurements.

These figures clearly show the efficiency of the proposed pair (model,observer)
in retrieving with an astonishing precision the values of the Ni’s despite the
unmodelled dynamic of µ. The rather short computation times (less than
5 seconds compared to the computation times obtained under high precision
tolerance) underlines how real-time implementability depends on such param-
eters that are difficult to set a priori. Finally, it is worth underlying that the
times needed to perform Ntrials = 10 (figure 6) is much less than 10 times
the mean computation time for Ntrials = 1. This strengthens that the pro-
posed singularity cross technique is different from the multiple initial guess
technique in the sense that each trials starts from the best result achieved
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Fig. 5. Computation times needed to achieve the state estimation depicted on
figure 3. Note that an explicit upper bound has been imposed in the internal loop
of the optimizer in order to deliver the best estimation that can be obtained within
the available computation time defined by the sampling period (30 seconds). This
scenario uses a tolerance ε = 10−8 for the optimization subroutine.

from the previous trial, only the weighting parameter vector q̄ is randomly
modified.

Figure 6 clearly shows an interesting (though expected) feature according
to which the closed-loop dynamic of the additional state µ is much more rich
than the dynamic used in the prediction algorithm. Indeed, while the supposed
dynamic is µ̇ = 0, the estimated evolution of µ shows realistic dynamic that is
typical for this variable as it can be attested by polymerization experts. This
asserts the efficiency of the extended state technique invoked in section 2.1 in
handling the uncertainties using nominal uncertainty free framework even for
uncertainties showing important dynamics.

4 Differential Form of Moving Horizon Observers

Throughout this section, the system model is assumed to be given in the
following ODE form:

ẋ(t) = f(t, x(t)) (44)
y(t) = h(t, x(t)) (45)

This is because the differential form of the moving-horizon observer needs the
time evolution of the system to be continuously differentiable. Consequently,
under this assumption, there is no clear advantage from using the general
form adopted in the preceding sections. The state and the output trajectories
related notations, namely X(t, t0, x0) and Y (t, t0, x0) are however maintained
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Fig. 6. Experimental validation with Ntrials = 10 and tolerance threshold ε = 10−3

for the optimization subroutine. Note how the dynamic behavior of µ is recovered
despite the constant behavior assumption used in the receding horizon observer
model. The dashed lines show what would be obtained if an open-loop simulator is
used to obtain an on-line estimation of the Ni’s. Note the excellent matching between
the experimentally measured values of the Ni’s and those recovered by the observer.
The same scenario is depicted on figure 7 where Ntrials = 1 is used. Note also the
quite rich estimated dynamic for µ despite the over simplified (constant) dynamic
used in the definition of the extended state. This asserts the efficiency of using the
extended state formalism in handling uncertainties using nominal uncertainty free
framework.

unchanged.

Throughout this section, it is assumed that the cost function J(t, ξ(t)) used
in the receding-horizon estimation scheme is given by:

J(t, ξ) =
∫ t

t−T

‖Y (τ, t− T, ξ)− y(τ)‖2dτ (46)

In addition to the continuous differentiability of the r.h.s of (44), the follow-
ing technical assumption is needed for the convergence result of the present
section:

Assumption 1 (Uniform global regularity)
There is a K-function Υ : R+ → R+ such that the following inequality holds:

‖Jξ(t, ξ)‖2 ≥ Υ (J(t, ξ)) (47)

for all (t, ξ) ♥
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Fig. 7. Results under the same experimental validation scenario as figure 6 with
Ntrials = 1 and tolerance threshold ε = 10−3. Note the slight drop in the estima-
tion quality (particularly on N2) compared to figure 6 where the singularity cross
technique is used.

This assumption simply means that regardless the state x(t − T ) that holds
at instant t − T , the corresponding cost function J(t, ·) has a unique singu-
lar point which is precisely the unique global minimum ξ = x(t − T ). This
is clearly a strong assumption that may not be necessary for the success of
the estimation task in practical situations but that is mandatory to obtain
a provably convergent state estimation scheme in the large (regardless the
initial state estimation error). Locally, this property is clearly satisfied for
systems (44)-(45) having an observable linearization (see [15] for more de-
tails). Further discussion on how to tackle the case where this assumption is
not rigorously satisfied can be found in [13]. In this general survey on moving-
horizon nonlinear observers, we restrict the presentation to the original basic
framework. Another (although quite closely related) viewpoint leading to dif-
ferential form of moving-horizon observer is based on continuation approach
and can br found in [24]

The moving-horizon observer described in section 3 follows the standard
scheme of the early formulation of [11] except that a singularities avoidance
heuristic has been introduced. In particular, this formulation leaves aside the
detailed description of the optimization process S used in (22) to perform the
optimization task.

Regardless the particular choice of the optimizer S, the classical scheme leads
to a dynamic process on the observer’s internal state ξ(t) that is precisely
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given by (28) which is reproduced here for clarity:

ξ(tk) = ANtrials

(
ξ(tk−1), tk, ytk

tk−N

)
x̂(tk) = X(tk, tk−N , ξ(tk))

But there is clearly a more direct way to induce a dynamic on the internal
state ξ = x̂(t − T ) that is oriented towards the decrease of the cost function
J(t, ξ(t)). Indeed, taking the time derivative of J , one may write3:

J̇(t, ξ(t)) = Jt(t, ξ(t)) +
[
Jξ(t, ξ(t))

]
ξ̇ (48)

Note that the cost function J(t, ξ(t)) implicitly depends on the value of the
state x(t − T ) at the past instant t − T . It is worth emphasizing however
that this dependence involves only the past measurements yt

t−T over the time
interval [t− T, t].

The evolution of ξ has to satisfy two conditions:

1. It must lead to a consistent observer in the absence of modeling errors and
measurement noise. This means that if ξ(t0) = x(t0 − T ) at some instant
t0, then ξ(t) = x(t− T ) for all t ≥ t0. This implies the following structure
for ξ̇:

ξ̇(t) = f(t− T, ξ(t)) + c(t, ξ(t))︸ ︷︷ ︸
correction term

. (49)

Note that the first term in the r.h.s of (49) is the nominal time derivative
of ξ(t) (i.e. when ξ(t) = x(t−T )) while c(·, ·) is a correction function that
is such that: {

J(t, ξ(t)) = 0
}
⇒

{
c(t, ξ(t)) = 0

}
.

This enables to recover the nominal behavior as soon as J(t, ξ(t)) = 0, or
equivalently as soon as ξ(t) = x(t− T ) under the observability condition
in the sense of definition 3.

2. The correction term must be oriented towards the decrease of the cost
function J .

Note that by injecting (49) in (48), the dynamic of J becomes:

J̇ = Jt(t, ξ(t)) +
[
Jξ(t, ξ(t))

]
·
[
f(t− T, ξ(t)) + c

(
t, ξ(t)

)]
(50)

To go further, the following two lemmas are needed:

3 Assuming that the necessary regularity conditions are satisfied
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Lemma 1. The correction-free time derivative of J satisfies:

dJ

dt
|c(·,·)≡0 ≤ |εy(t, ξ(t))− εy(t− T, ξ(t))|+

[
φ(t, ξ(t))

]
·
√

J

where

εy(τ, ξ(t)) = Y (τ, t− T, ξ(t))− y(τ) ∀τ ∈ [t− T, t]

♥
Proof Taking the time derivative of (46) when no correction is used gives:

dJ

dt
|c(·,·)≡0 = εy(t, ξ(t))− εy(t− T, ξ(t)) + (51)∫ t

t−T

[
Y (τ, t− T, ξ(t))− y(τ)

]T [
φ̃(τ, ξ(t))

]
dτ (52)

where φ̃(t, ξ(t)) is given by:

φ̃(τ, ξ(t)) :=
dY

dt

∣∣∣
c≡0

(τ, t− T, ξ(t))− ẏ(τ) (53)

Using appropriate upper-bounding inequalities, equation (52) gives:

dJ

dt
|c(·,·)≡0 ≤ |εy(t, ξ(t))− εy(t− T, ξ(t))|+ (54)

sup
τ∈[t−T,t]

∣∣∣φ̃(τ, ξ(t))
∣∣∣︸ ︷︷ ︸

=:φ(t,ξ(t))

·
∫ t

t−T

‖Y (τ, t− T, ξ(t))− y(τ)‖ dτ︸ ︷︷ ︸
≤
√

J

(55)

which clearly gives the result. �

Note that lemma 1 states that a function φ exists. The following lemma gives
the conditions under which an upper bound i=of this function can be obtained
to be used in the definition of the observer dynamic.

Lemma 2. If it is possible to estimate an upper bound ρ(t) satisfying:

∀τ ∈ [t− T, t] ; ‖ẏ(τ)‖ ≤ ρ(t) (56)

then there is a known computable function φ̄ρ(t, ξ(t)) satisfying:

0 ≤ φ(t, ξ(t)) ≤ φ̄ρ(t, ξ(t)) (57)

Proof This is a direct consequence of (53) from which it can be inferred that:

φ(t, ξ(t)) ≤ sup
τ∈[t−T,t]

[
‖dY

dt

∣∣∣
c≡0

(τ, t− T, ξ(t))‖+ ρ(t)
]
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But for given τ , the time derivative of Y (τ, t− T, ξ(t)) is given by:

Ẏ (τ, t− T, ξ(t)) = Yt2(τ, t− T, ξ(t)) + Yξ(τ, t− T, ξ(t))f(t− T, ξ(t))

where Yt2(·) is the partial derivative of Y w.r.t its second argument. The fact
that the partial derivative terms Yt2 and Yξ can be computed by classical
sensitivity related ODE’s ends the proof of the lemma. �

Based on lemmas 1 and 2, equation (50) leads to:

J̇ ≤
∣∣∆t

t−T (εy(·, ξ(t)))
∣∣ +

[
φρ(t, ξ(t))

]
·
√

J + Jξ(t, ξ(t)) · c(t, ξ(t))

where the following short notation has been used:

∆t
t−T (εy(t, ξ(t))) = εy(t, ξ(t))− εy(t− T, ξ(t))

This suggests the following expression for the correction term c(t, ξ):

c(t, ξ(t)) := γ
[JT

ξ (t, ξ(t))
‖Jξ‖2 + ε

][
−

∣∣∆t
t−T (εy(·, ξ(t)))

∣∣− [
1 + φ̄ρ(t, ξ(t))

]√
J
]
(58)

since when injecting this expression in (58), one obtains:

J̇(t) ≤ −
[ γ‖Jξ‖2

‖Jξ‖2 + ε
− 1

]
·
[∣∣∆t

t−T (εy(·, ξ(t)))
∣∣ +

[
1 + φ̄ρ(t, ξ(t))

]√
J
]

(59)

This means that as long as:

‖Jξ(t, ξ(t))‖2 >
ε

γ − 1
(60)

the cost function J strictly decreases. Now using the inequality (47) with the
above fact enables the following implication to be written:{

Υ (J(t, ξ(t)) >
ε

γ − 1

}
⇒

{
J̇(t, ξ(t)) < 0

}
. (61)

This clearly shows that under the correction law (58), the set defined by:

AJ :=
{

(t, ξ) | J(t, ξ) ≤ Υ−1
( ε

γ − 1

)}
(62)

is an invariant and globally attractive set. But by the very definition of uniform
observability (see definition 3), it can be inferred from (62) that the state
estimation error e = ξ(t)−x(t−T ) satisfies the following asymptotic property:

lim
t→∞

‖ξ(t)− x(t− T )‖ ≤ α−1 ◦ Υ−1
( ε

γ − 1

)
(63)
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and by continuity of the system trajectories w.r.t the initial state, property
(63) clearly implies:

lim
(ε/γ)→0

[
lim

t→∞
‖x̂(t)− x(t)‖

]
= 0. (64)

The above discussion clearly proves the following result:

Proposition 1. If the following conditions hold for the system (44)-(45):

1. The map f is continuously differentiable
2. The system is uniformly observable in the sense of definition 3
3. The uniform regularity assumption 1 is satisfied
4. It is possible to correctly estimate upper bounds of y(·) over past time

intervals (see lemma 2)

then for any a priori fixed desired precision η > 0 on the state estimation error,
there is a sufficiently high ratio γ/ε such that the dynamic system given by:

ξ̇(t) = f(t− T, ξ(t)) + c
(
t, ξ(t)

)
(65)

x̂(t) = X(t, t− T, ξ(t)) (66)

where the correction term c(t, ξ) is given by:

c(t, J) := γ
[JT

ξ (t, ξ(t))
‖Jξ‖2 + ε

][
−

∣∣∆t
t−T (εy(·, ξ(t)))

∣∣− [
1 + φ̄ρ(t, ξ(t))

]√
J
]

(67)

leads to a state estimation error that asymptotically reaches the required pre-
cision η. ♥

It is worth noting that proposition 1 gives a receding-horizon observer that
takes a rather classical form (differential equation built up with a correction
term that is added to a copy of the system dynamic). There are two major
differences however between this observer and classical analytic observers:

1. The first difference lies in the use of an integral norm J of the output
prediction error in the correction term [see equation (67)] rather than its
instantaneous value.

2. The second difference is the way the convergence is proved. While classical
analytic observers investigate the evolution of the state estimation error
which leads to the need for structural properties, here, the convergence
proof is based on the convergence of J and this with the very definition of
observability implicitly leads to the convergence of the state estimation
error.

When compared to the classical moving-horizon observer scheme of section
3, the moving-horizon observer of proposition 1 contains apparently no opti-
mization phase. Indeed, the optimization process is embedded in the dynamic
of the internal state ξ. This dynamic
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1. explicitly implements a gradient-based optimization process and
2. distribute the corresponding iterations over the system real life-time.

It is important to underline that the problem of local minima remains a com-
mon feature regardless the way the moving-horizon observer is implemented.
In the context of proposition 1, this problem is hidden by the uniform global
regularity assumption 1 (condition 3. of proposition 1). Note however that
this assumption is not a constructive assumption in the sense that it is only
needed for the convergence proof. The expression (67) of the observer dynamic
is perfectly well defined even if this assumption is violated.

The real-time implementation of the observer equation (67) may face seri-
ous difficulties. This is because the computation of the gradient Jξ(t, ξ(t)) is
a quite involved task since it amounts to integrate a differential system of
dimension n(n + 1) where n is the dimension of the state vector. This means
that the time needed to perform the computation of the r.h.s of the observer
equation, say τc can no more be neglected. This computation time represents
naturally an upper bound on the sampling period τs(≥ τc) that can be used
to update the estimate of the state vector.

In the following section, a technical solution that is referred to as the post-
stabilization technique is proposed in order to increase the sampling period
while maintaining a good precision.

4.1 The post stabilization technique

In order to simplify the expressions, in this section, the observer equations
(65)-(66) are shortly re-written in the following compact form:

ξ̇(t) = fc(t, ξ(t), Jξ(t)) (68)
x̂(t) = X(t, t− T, ξ(t)) (69)

Proposition 1 states that observing the state of the system amounts to in-
tegrate the differential system (68). According to the discussion of the end
of the preceding section, this integration has to be done using relatively high
sampling period τs. In order to efficiently integrate the differential system (68)
despite this fact, it is important to note that this system satisfies the following
nice property:

property

The sub-manifold J(t, ξ(t)) = 0 is invariant under the combined dy-
namic of the system and the observer equations (18) and (68).

In [18], an efficient integration scheme has been proposed that is dedicated to
differential systems having invariant sub-manifolds. This technique is roughly
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depicted on figure 8. Namely, given the observer state x(tk) at instant tk = kτs,
in order to obtain the next state ξ(tk+1) at instant tk+1 = (k + 1)τs, the
following steps are executed:

Fig. 8. The post-stabilization technique. To obtain the next observer state ξ(tk+1),
the observer equation is first integrated using constant gradient term Jξ(tk, ξ(tk)),
then the result ξ̃(tk+1) is projected on the sub-manifold J(tk+1, ξ) = 0.

X First, the following differential system is integrated over [tk, tk+1] starting
from the initial condition (tk, ξ(tk)):

ξ̇(t) = fc(t, ξ(t), Jξ(tk)) ; t ∈ [tk, tk+1] (70)

The corresponding solution at instant tk+1 is denoted by ξ̃(tk+1) (see fig-
ure 8). Note that during the integration over [tk, tk+1], the gradient Jξ(tk)
is kept equal to its initial value at instant tk. Consequently, ξ̃(tk+1) is a
rough approximation of the exact integration of the observer equation.

X The second step in the post stabilization technique is to correct the rough
approximation ξ̃(tk+1) by projecting it on the manifold J(tk+1, ξ) = 0.
This is written as follows:

ξ(tk+1) = ξ̃(tk+1)−
Jξ(tk+1, ξ̃(tk+1))

‖Jξ(tk+1, ξ̃(tk+1))‖2 + ν
· J

(
tk+1, ξ̃(tk+1)

)
(71)

where ν > 0 is a regularization constant that is used to avoid numerical
singularities close to the surface.

A detailed investigation on the consequence of the above mentioned post-
stabilization technique is presented in [15]. In particular, it has been shown
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that when time invariant systems are considered the following asymptotic
property holds:

lim
k→∞

J(ξ(tk)) = O(τ4
s )

and this, regardless the order (≥ 1) of the integration scheme used to compute
ξ̃(tk+1).

4.2 Examples

In this section, two examples are given to illustrate the differential form of
the moving-horizon observer presented in the preceding section. The first one
(section 4.3) reports a successful industrial patented application [5] of this
observer to the problem of the simultaneous estimation of the train velocity
as well as the train position on a railways line. The second example (section
4.5) is a rather academic one that clearly shows the benefit from using the
post-stabilization technique proposed in section 4.1 above. Another successful
application of the differential moving-horizon observer can be found in [6]
where this observation scheme has been applied to activated sludge processes
used for waste-water treatment.

4.3 Nonlinear Observer for Tilting Trains

In this section, an industrial patented application [5] of the differential form of
moving-horizon observer presented in this section is proposed4. The problem
is first stated in the context of the control of tilting trains, then the need for
an observer is explained and the performance of the proposed moving-horizon
observer is shown.

Tilting trains: the control problem

The problem of controlling tilting trains is schematically depicted on figure 9.
Typically, when the train goes into a bend of curvature ρ(r) at some curvilin-
ear abscissa r on the rails, a passenger feels a centrifugal acceleration V 2ρ(r).
This acceleration when combined with the gravity gives a resulting accelera-
tion that is not perpendicular to the compartment floor unless the rails present
a by-construction inclinaison δ(r).

Consequently, the rails are inclined in accordance with some nominal opti-
mal velocity Vnom by an angle δ̄(r) satisfying:

4 This work has been achieved in a partnership context with the company Alstom-
Transport (Villeurbanne, France). This partnership aimed to develop control
algorithms for tilting trains. The work presented is described in details in the
related patent [5]
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Fig. 9. Schematic view of a tilting train. The additional control-induced inclinaison
of the compartment allows for a higher speed on existing rails while keeping the
same comfort level (by maintaining the resulting felt acceleration normal to the
compartment floor).

δ̄(r) = tan−1
(1

g
· V 2

nom · ρ(r)
)

(72)

Obviously, the curvature ρ(·) and the rails inclinaison δ(·) become constant
characteristics (profiles) of the rails. Now if the train follows these rails with
a velocity that is significantly higher than the nominal velocity Vnom that has
been used in the computation and the construction of the rails inclinaison
profiles δ(·), passenger would feel uncomfortable. The aim of the tilting train
control is therefore to compensate for the lack of rails inclinaison by tilting the
compartment using the dedicated jacks (see figure 9). Ideally, the additional
inclinaison angle αd is clearly given at instant t by:

αd(V (t), r(t)) := tan−1
(1

g
· V 2(t) · ρ(r(t))

)
− δ̄(r(t)) (73)

Therefore, from a control point of view, the problem is to track a reference
trajectory that depends on:

• The train’s velocity V (t)
• The curvilinear abscissa of the train on the rails r(t)
• The geometric characteristics of the rails ρ(·) and δ̄(·)

Remember that the origin of the control problem is related to the high veloc-
ities one aims to use that are higher than the nominal velocity Vnom. But the
higher the velocity V is, the faster the set-point αd changes since:
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α̇d =
∂αd

∂V
V̇ +

∂αd

∂r
V ≈ ∂αd

∂r
(V, r)V (74)

since the velocity of the train change slowly with time. This makes the tilt-
ing train control a very challenging problem that needs the use of advanced
predictive control schemes enabling anticipating actions to be used. Indeed,
a slight delay in the tracking may even give the inverse desired effect on the
comfort level.

The estimation problem

Based on the above control problem description, it comes that anticipating
the evolution of the desired set-point αd(V (t), r(t)) is a crucial issue. This
means that the localization of the train on its rail is a key task in the overall
control scheme. Note also that the estimation of a train velocity is a classical
problem due to the need for a decentralized measurements for security reasons
and due to the presence of slipping at the wheels level (see the patent [14] for
more details on this critical issue).

Consequently, the estimation problem amounts to recover the evolution of
both the curvilinear abscissa r and the error on the current estimation of the
train velocity. To do this, the yaw angular velocity is available using a ded-
icated gyrometer that is fixed at the wheels level. Therefore, the dynamical
system to be observed can be given as follows:

ẋ1 = (1 + x2) · Vm(t) (75)
ẋ2 = 0 (76)

y(t) = (1 + x2(t))Vm(t) · ρ(x1(t)) (77)

where x1 = r stands for the curvilinear abscissa of the train on the rail. x2 is
the relative error on the velocity, namely, the true velocity V (t) is given by:

V (t) = (1 + x2(t)) · Vm(t)

The map ρ(·) is supposed to be available using dedicated series of measure-
ments obtained during careful crossing of the line under consideration. The
corresponding evolution of the curvature ρ as a function of the curvilinear ab-
scissa is given on figure 10. This curve corresponds to the data characterizing
a portion of the Paris-Toulouse line.

Note that in the above system model, the velocity measurement Vm(·) is
supposed to be delivered by a dedicated velocity estimator or direct measure-
ments. From the observation viewpoint, this signal is viewed as a known time
varying signal over past intervals and can be handled using the estimation
scheme through the time-varying character of the system model.



Moving Horizon Observers: Theory & Implementation 33

Fig. 10. Evolution of the curvature map ρ(·) on a portion of the Paris-Toulouse
line. This map is used in the validating scenarios.

Based on the system model (75)-(77), the gradient Jξ(t, ξ) can be computed
using the sensitivity matrix of the trajectory of the following system w.r.t
initial conditions:

ż1 = (1 + z2)V
ż2 = 0

ż3 =
[
(1 + z2)V ρ(z1)− y

]2

More precisely, one clearly has:

Jξ(t, ξ) :=
(
A31(t) A32(t)

)
(78)

where the matrix A(t) ∈ R3×3 is the solution at instant t of the following
differential system:

ż1 = (1 + z2)V (79)

ż2 = 0 z(t− T ) =
(
ξT 0

)T (80)

ż3 =
[
(1 + z2)V ρ(z1)− y(t)

]2

(81)

Ȧ(τ) =

 0 V (τ) 0
0 0 0
X1(τ) X2(τ) 0

 A ; A(t− T ) = I3×3 (82)

where the terms X1 and X2 are given by :

X1 = 2
[
(1 + z2)V · ρ(z1)− y

]
(1 + z2)V

∂ρ

∂z1
(z1)

X2 = 2
[
(1 + z2)V · ρ(z1)− y

]
· V · ρ(z1)
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Note that by integrating the differential system (79)-(82) over [t − T, t] one
obtains simultaneously Jξ(t, ξ(t)) by (78) but also J(t, ξ(t)) by:

J(t, ξ(t)) = z3(t).

Therefore, all that one needs to implement the differential moving horizon
observer of proposition 1 can be obtained. It is worth noting that for this
specific example, there is no need to integrate the 9th order differential system
(79)-(82) since the structure of the system enables significant simplifications
(see [5] for more details).

4.4 Simulations
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Fig. 11. Simulation of the differential moving-horizon observer when used to es-
timate the velocity and the position of a tilting train crossing a portion of the
Paris-Toulouse line. Initial error on the position is equation de 20 m. The relative
error on the velocity measurement varies form 0 to −15% during the first 20 seconds
before it is settled to −10%. remember that the moving-horizon observer uses a
constant evolution for this error when computing the cost function at each updating
instant.
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Fig. 12. Simulation of the differential moving-horizon observer when used to es-
timate the velocity and the position of a tilting train crossing a portion of the
Paris-Toulouse line. Although there is no initial error on the position the bottom
figure shows what would be the position error if no correction is made. The relative
error on the velocity measurement varies form 0 to +5% and then to −10%. remem-
ber that the moving-horizon observer uses a constant evolution for this error when
computing the cost function at each updating instant.

Simulations are conducted using the portion of the Paris-Toulouse line (see
the corresponding curvature on figure 10) with the following parameters:

T = 5 sec ; τs = 0.4 sec ; γ = 0.2

Two simulations are proposed to illustrate the benefit from using the proposed
observer. In the first (figure 11), an initial error on the position is introduced
as well as a time varying relative error on the velocity measurement. In the
second scenario, a different profil on the velocity measurement error is used
without initial error on the train position. Despite the absence of initial error,
figure 12 shows what would be the error on the estimated position if the
velocity measurement were integrated without correction. The consequence
of using such erroneous position on the overall tilting control loop would be
clearly dramatic.
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4.5 Illustrating the benefit from using the post-stabilization step

The aim of this section is to illustrate how the post-stabilization step proposed
in section 4.1 enables the updating period to be increased leaving more time
for computations. This is done using the following academic example:
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Fig. 13. Comparison between moving-horizon observer with (black dot-dashed line)
and without (dotted) post-stabilization step. Here, the updating period is τs =
0.1 s. This si sufficiently small to make the moving-horizon observer stabilizing even
without the post stabilization step. Even in this case, note how the post stabilization
step improves the quality of the estimation.

ẋ1 = x2

ẋ2 = − sin(x1)− 0.2x1 cos(x1x2)
y = x1 + x2

Figures 13 and 14 show the behavior of the differential form of moving-horizon
observer under two different updating periods τs = 0.1 sec and τs = 0.4 sec.

When τs = 0.1 sec, the updating rate is sufficiently small for the observer
to converge quite well even without the post stabilization step (see figure 13).
However, when the updating period increases, the sampled observer fails to
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converge without the post stabilization step (see figure 14).

It is worth noting that in both cases, it is the sampled version (70) of the
differential moving-horizon observer that is implemented. This is precisely
the reason for which a high updating period may destabilize the observer.
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Fig. 14. Comparison between moving-horizon observer with (black dot-dashed line)
and without (dotted) post-stabilization step. Here, the updating period is τs = 0.4 s.
Note how the post stabilization step enables the updating period to be increased
while maintaining good precision.

5 Moving Horizon Observers with Distributed
Optimization

The differential form of the moving-horizon observer presented in section 4
tries to solve the optimization problem that underlines the state estimation
problem using a gradient-based descent approach. Moreover, the iterations
associated to this descent approach are distributed over the system life-time.
The implementation of this approach needs however some regularity assump-
tions that guarantee the existence of all the partial derivatives of the cost
function (the output prediction error).

In the present section, a more general viewpoint on the distributed-in-time
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optimization is adopted in order to get deeper insight on the resulting closed-
loop behavior. The ideas developed here are closely connected to those in the
air when real-time implementation of Model Predictive Control is addressed
(see for instance [16, 1, 9, 8]). The main message of this section is that even
when efficient and globally convergent optimizers are used, there is some opti-
mal updating rate of the internal state of the observer. This optimal sampling
rate corresponds to some optimal number of iterations of the optimizer be-
tween two successive updates. It goes without saying that the quantitative
translation of this general result heavily depends on the system, the optimizer
and the computational facilities and should be approached using a somehow
experimental way.

In this section, the general simulator form (1) of the dynamic system is con-
sidered, namely:

x(t) = X(t, t0, x0),
y(t) = h(t, x(t)),

The measurement is assumed to be required with a sampling period τa. Note
that τa defines the maximal frequency with which additional new knowledge is
injected to any state estimation scheme. The acquisition period τa may be too
small to be used as updating period5 for the estimation. The updating period
is considered here (without loss of generality) as a multiple of τa, namely, the
updating period τu is defined by:

τu = Nu · τa where Nu ∈ N

The resulting updating instants are therefore denoted by:

tk = k · τu = k ·Nu · τa

The observation horizon T invoked in the above sections is here taken to be
equal to an integer number N of acquisition periods, namely:

T := N · τa

that is, the observation horizon involves N past measurements. This enables
the following cost function J(tk, ξ) to be defined at each updating instant tk:

J(tk, ξ) =
N∑

j=1

∥∥∥Y (tk − jτa, tk − T, ξ)− y(tk − jτa)
∥∥∥2

Recall that minimizing J(tk, ξ) in the decision variable ξ amounts to look for
the best estimate of the past state x(tk − T ).

5 The precise meaning of an updating period is made clear later on
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Following the same notations than those used in section 3, we assume that
some iterative process S has been chosen to minimize J(t, ξ) in the decision
variable ξ, namely:

ξ(i+1) = S
(
t, ξ(i), yt

t−T

)
The result of n successive application of S for given t is denoted by:

ξ(i+n) = S(n)
(
t, ξ(i), yt

t−T

)
Let us consider the following assumption about the efficiency of the iterative
process S:

Assumption 2 [Efficiency of the optimizer]

Iterative process S is efficient in the sense that there exists some efficiency
map αeff : N→ [0, 1[ such that for all t and ξ, one has:

J
(
t,S(n)(t, ξ, yt

t−T )
)
≤ αeff (n) · J(t, ξ) (83)

where α(·) is a decreasing function such that α(0) = 1. ♥

The state estimation algorithm studied in this section is defined by the fol-
lowing rules (see figure 15):

Fig. 15. Schematic view of the distributed-in-time optimization based observer.
Note that the convergence of the overall estimation scheme is the result of a com-
petition between a decreasing effect due to the optimizer and the increasing effect
due to the natural divergence of open-loop state estimation.
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(1) Initial conditions. Given that the estimation is based on past measure-
ments over some prediction horizon T = N · τa. The estimation begins
as soon as N measurements have been acquired. Consider some integer
k = k0 such that k0 ·Nu > N . Assume that the current estimation of ξ is
ξ(tk).

(2) Updating ξ. The computation of ξ(tk+1) is done in two steps:

1. First n successive iterations are performed using the optimization pro-
cess S to decrease the value of the cost function J(tk, ξ). This is written
as follows

ξ̃(tk) = Sn(tk, ξ(tk), ytk

tk−T ) (84)

Note that according to the assumption (83) on the optimizer’s effi-
ciency, one can write the following inequality:

J(tk, ξ̃(tk)) ≤ αeff (n) · J(tk, ξ(tk)) (85)

2. Then the estimated value of ξ(tk+1) is derived from ξ̃(tk) by integrating
the system model:

ξ(tk+1) = X(tk+1 − T, tk − T, ξ̃(tk)) (86)

Note that when performing this open-loop updating over a time period of
Nuτa = tk+1 − tk, some increase in the cost function have to be expected in
general, this is stated by the following assumption:

Assumption 3 [open-loop behavior of the cost function]

When using open-loop prediction, the only inequality one can guarantee is
given by:

J(t + τ,X(t + τ − T, t− T, ξ)) ≤
[
J(t, ξ)

]
· ϑ(τ) (87)

♥

using the inequality (87) with the following correspondances:

ξ = ξ̃(tk) ; t = tk ; τ = Nu · τa

together with (86) enables to infer that when using the above estimation
scheme, the inequality one can be sure of is the following:

J(tk+1, ξ(tk+1)) ≤
[
J(tk, ξ̃(tk))

]
· ϑ(Nuτa) (88)

This with (85) enables the following inequality to be derived:
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J(tk+1, ξ(tk+1)) ≤
[
αeff (n) · ϑ(Nuτa)

]
· J(tk, ξ(tk)) (89)

Note that the number of iterations n that may be performed during Nuτs

time units is given by

n = E
(Nu · τa

τiter

)
where τiter is the time needed for a single iteration.

Based on the above discussion, the following proposition can be derived:

Proposition 2. [Convergence of the distributed in time optimization
based observers]

Under assumptions 2 and 3, the convergence of the distributed in time op-
timization based observer is guaranteed provided that the following inequality
holds:

$(Nu) := αeff

(
E(

Nuτa

τiter
)
)
· ϑ(Nuτa) < 1 (90)

where

X τa is the measurement acquisition period
X Nuτa is the updating period
X τiter is the time necessary to perform one iteration of the process S
X αeff (·) is the optimizer efficiency map (see assumption 2)
X ϑ(·) is the map characterizing the worst-case divergence rate of the open-

loop prediction (see assumption 3) ♠

Note that while condition (90) guarantees the convergence of the state estima-
tion error. The corresponding convergence time (defined as the time needed
for J to reach a value that is equal to 5% of its initial value) is still dependent
on the value of Nu according to:

tr(Nu) ≈
[ 3Nu

| log
(
$(Nu)

)
|

]
· τa (91)

It goes without saying that the exact expressions of the auxiliary functions
αeff (·) and ϑ(·) heavily depend on the system and the optimizer involved in
the estimation scheme. however, in order to have concrete example showing
the implication of the context on the best implementation parameters of the
distributed-in-time optimization based state observers, let us consider the
following structures for αeff (·) and ϑ(·):

αeff (n) =
D

nd + D
; ϑ(τ) = exp(β · τ) (92)
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Fig. 16. Evolutions of the stability indicator $(Nu) and the settling time tr(Nu)
vs the number of iterations Nu used to update the state estimation. The expressions
(92) are used with the parameters D = 3, d = 1, β · τa = 0.3 and τa/τiter = 5.
Under these conditions, stability cannot be guaranteed when more that 9 iterations
are used. The optimal choice (in term of settling time) is the one where only one
iteration is used to perform the updating.

Figures 16 and 17 give the evolution of the stability indicator $ and the
settling time tr as functions of the number of iterations Nu used to perform
the observer internal state updating for two different sets of parameters used
in (92). In the first case (figure 16), the instability rate of the open-loop es-
timation is high (β · τa = 0.3) leading to a maximum number of 9 iterations
beyond which stability cannot be guaranteed. Moreover, the optimal choice
in term of settling time is to use one single iteration before updating.

In the second case (figure 17), the instability rate is lower (β · τa = 0.05)
and the efficiency of the iterations is higher (d = 2 rather than 1 in the first
case). This leads to the stability being guaranteed for all number of iterations
but with the optimal settling time corresponding to the use of 3 iterations.

6 Conclusion

The use of moving-horizon observers is intimately linked to the progress of
nonlinear constrained optimization. However, the state estimation problem is
not only an optimization problem. The way an optimization process can be
used to result in a dynamic state estimator is to be carefully studied following
(at least partially) some of the guidelines given in this chapter.

Another likely to be promising direction is to combine the partial use of ana-
lytic observer (on a part of the estimation problem) with the use of optimiza-
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tion process. This enables optimization to concentrate on those parts of the
problem where no particular structural properties are available.
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Fig. 17. Evolutions of the stability indicator $(Nu) and the settling time tr(Nu)
vs the number of iterations Nu used to update the state estimation. The expressions
(92) are used with the parameters D = 50, d = 2, β · τa = 0.05 and τa/τiter = 5.
Under these conditions, while stability of the state estimation error seems guaranteed
regardless the number of iterations used to perform the updating, the use of 3
iterations gives the best choice in term of settling time.
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